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Quadratic Weighted Median Filters for
Edge Enhancement of Noisy Images
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Abstract—Quadratic Volterra filters are effective in image
sharpening applications. The linear combination of polynomial
terms, however, yields poor performance in noisy environments.
Weighted median (WM) filters, in contrast, are well known for
their outlier suppression and detail preservation properties. The
WM sample selection methodology is naturally extended to the
quadratic sample case, yielding a filter structure referred to as
quadratic weighted median (QWM) that exploits the higher order
statistics of the observed samples while simultaneously being
robust to outliers arising in the higher order statistics of environ-
ment noise. Through statistical analysis of higher order samples,
it is shown that, although the parent Gaussian distribution is light
tailed, the higher order terms exhibit heavy-tailed distributions.
The optimal combination of terms contributing to a quadratic
system, i.e., cross and square, is approached from a maximum
likelihood perspective which yields the WM processing of these
terms. The proposed QWM filter structure is analyzed through
determination of the output variance and breakdown probability.
The studies show that the QWM exhibits lower variance and
breakdown probability indicating the robustness of the proposed
structure. The performance of the QWM filter is tested on constant
regions, edges and real images, and compared to its weighted-sum
dual, the quadratic Volterra filter. The simulation results show
that the proposed method simultaneously suppresses the noise and
enhances image details. Compared with the quadratic Volterra
sharpener, the QWM filter exhibits superior qualitative and
quantitative performance in noisy image sharpening.

Index Terms—Asymptotic tail mass, maximum likelihood esti-
mation, robust image sharpening, unsharp masking, Volterra fil-
tering, weighted median (WM) filtering.

I. INTRODUCTION

IMAGE sharpening is a classic problem in the field of image
enhancement. A widely used simple approach for enhancing

blurred or imperfectly contrasted images is unsharp masking.
For instance, consider the structure given in Fig. 1. The input
image is passed through a block that extracts edges and features.
The output is then scaled by an appropriate factor and added
back to the original image. This method is generally referred
to as unsharp masking [1] and is quite effective for enhancing
low contrast images. The edge extraction block in Fig. 1 is often
implemented as a linear highpass filter such as a discrete linear
Laplacian operator [1]. An apparent problem of this technique is
that it does not discriminate between actual image information
and noise. Thus, noise is enhanced, as well.
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Fig. 1. Block diagram of the unsharp masking technique.

Inspired by the Weber–Feshner law [1], [2] and the draw-
backs of the linear systems discussed earlier, the linear filter
is extended to quadratic Volterra (QV) filter case in [3]. The
Weber-Feshner laws states that just noticeable difference (JND)
is proportional to the average intensity of the surrounding pixels.
In other words, we can see details more easily in dark regions,
whereas the bright portions tend to mask details. It is shown
that the QV filters, in bright regions, enhances the image more
because the noise and other gray-level fluctuations are much
less visible, and, in darker portions, suppress the enhancement
process since it might deteriorate image quality [3], which are
the desired features in image sharpening applications.

QV filters can be described as a linear filter with higher order
polynomial extensions. Even though the filter is not linear with
respect to the input signal, it is linear in the impulse response
coefficients. However, the quadratic nature of QV filters leads
to poor performance in noisy environments. This poor perfor-
mance results from the linear combination of quadratic terms
utilized in such filters. Clearly, quadratic terms residing in the
higher order kernels of the filter create outliers.

The robust weighted median (WM) sample selection
methodology [4]–[14] is naturally extended in this paper to
the quadratic sample case, yielding the class of quadratic
weighted median (QWM) filters. QWM filtering is related to
the polynomial weighted median (PWM) filtering structure
proposed in [4]. Note that the PWM filter output is based on the
linear combination of sub-WM filters operating independently
on linear, cross, and square terms. The QWM filter, however,
operates on windows incorporating both cross and square
terms. Thus, by combining the quadratic Volterra and WM
structures, QWM filters effectively exploit the higher order
statistics of observed samples while producing filter outputs
that are robust to outliers in the observation set. Moreover, the
QWM filter class is well motivated by the presented linear,
cross, and square term tail analysis. The heavier tails of the
cross and squared terms indicate that robust methods for their
sample combinations should be considered to avoid undue
influence of outliers. Furthermore, presented analysis shows
that WM processing of quadratic terms is justified from a ML
perspective. The established QWM filter class is statistically
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analyzed through the determination of the filter output distribu-
tion, variance and breakdown probability. The output variance
and breakdown probability analysis clearly demonstrate the im-
proved robustness of the QWM filter class over traditional QV
filters. The edge enhancement simulations show the superiority
of the QWM structure over the QV structure in this application.

The remainder of this paper is organized as follows. The sta-
tistical foundations of QWM filters, including asymptotic tail
mass and ML analysis, are derived and presented in Section II.
The QWM filter structure is defined in Section III and filter
coefficient optimization, along with output distribution and the
breakdown probability analysis, are given in Section IV. Sec-
tion V contains simulations illustrating the advantages of QWM
filters over traditional quadratic filters. Finally, conclusions are
drawn in Section VI.

II. STATISTICAL FOUNDATIONS AND FILTERING

This section discusses statistical models of observed samples
and relates the filtering problem to ML estimation. We begin
by considering independent observed samples that follow
the generalized Gaussian distribution, noting special cases of
interest. We then examine the distributions of samples utilized
in quadratic processes for the Gaussian cases, i.e., we study
the probability density function and tail functions of cross and
square terms. This analysis demonstrates the tail heaviness
ordering of samples contributing in quadratic systems. Next,
the filtering problem, including operations on cross and square
terms, is motivated from a ML perspective. The quadratic terms
tail heaviness and the ML methodology form the theoretical
foundations for the quadratic WM filters defined in Section III.
Note that the analysis and derivations presented in this section
assume that the observed random variables are independent. It
should also be noted that, in practice, inputs may not satisfy this
condition. This assumption is imposed to make the derivations
tractable, and yields results that lend insight into the filtering
problem.

A. Polynomial Term Distributions and Asymptotic Tail Masses

A broad range of statistical processes can be characterized by
the generalized Gaussian distribution

(1)

where is the Gamma function, is a
constant defined as and is the
standard deviation. In this representation, the scale of the distri-
bution is determined by the scale parameter , and the im-
pulsiveness is determined by the tail parameter . This rep-
resentation includes the standard Gaussian distribution as a spe-
cial case . For , the distribution tail decay slower
than in the Gaussian case, resulting in a heavy-tailed distribu-
tion. Indeed, a second special case that is of particular interest
is the Laplacian distribution, which is realized when . The
Laplacian distribution is successfully used in the literature to
model the heavy-tailed environments.

Before considering specific distribution cases, we give the
general distribution results for cross and square terms. Accord-

ingly, let the independent random variables and be char-
acterized by density functions and , respectively.
The density function of the cross term is given by

(2)

Similarly, the density function of the square term can be shown
to be

(3)

To consider the effect that the cross and squaring operators
have on the resulting distribution tails, we restrict the analysis
to the Gaussian distribution. This is a light-tailed special case of
the generalized Gaussian distribution that occurs for , and
which, in the zero-mean case, is expressed as

(4)

where is the scale parameter. Substituting this expression
into (3) gives the density function of the square term

(5)

where . Consider now two independent Gaussian
distributed random variables and , with scale parameters

and , respectively. The density of the cross term is de-
termined through evaluation of (2), and is given by

(6)

where denotes the modified Bessel function of second
kind of order .

The different behavior of the Gaussian and non-Gaussian
distributions is, to a large extent, caused by the character-
istics of their tails. The tail heaviness of the density of a
random variable , can be measured by its asymptotic mass:

, where denotes the
tail function of the random variable [7]. Given two functions

and , they have asymptotic similarity
if . The Gaussian distribution can be
shown to have exponential order tails with asymptotic similarity

(7)

For the tail analysis of quadratic terms, we need to introduce
following notation for the random variables: and

, to avoid the confusion. Using integration by parts
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TABLE I
ASYMPTOTIC TAIL MASS ORDER FOR LINEAR, CROSS, AND SQUARE TERMS

and asymptotic series for function yields the asymptotic
tail mass of the square Gaussian term [15]

(8)

Since Bessel function in (6) is not appropriate for the cross term
tail analysis, we use the asymptotic similar function for
given in [16]: . The approximated
density function is also normalized with a constant. Moreover,
performing steps similar to the previous case yields the asymp-
totic tail mass of the cross Gaussian term [15]

(9)

Let us construct to determine the
asymptotic tail mass ordering between the cross and observation
terms, where and denote the derived asymptotic
tail mass functions of and , respectively

(10)

since and decays faster than and
, respectively, indicating that cross-term distribution

exhibits tails heavier than that of the parent distribution. Con-
sider next the tail heaviness order between the square and
cross terms , where denotes the
asymptotic tail mass function of the square term

(11)

since is a constant. The limit then is given by

(12)

Interestingly, the asymptotic tail mass of square term is heavier
than the asymptotic tail mass of the cross term if ,
is equal to the asymptotic tail mass of the cross term if

, and is lighter than the asymptotic tail mass of the cross

Fig. 2. Asymptotic tail masses of (solid) Gaussian, cross (dotted) Gaussian,
and square (dashed) Gaussian distributed random variables with � = 1 and
� = 1, 2, and 3 cases. Shown for reference is the asymptotic tail mass function
of the heavy-tailed Laplacian distribution (dash-dotted) with identical variance.

term if . The overall asymptotic tail mass order
for linear, cross and square terms is summarized in Table I,
which clearly shows that cross and square terms always exhibit
tails heavier than that of linear terms. The relationships between
cross and square term asymptotic tail masses, which depend on
the scale parameters, are also given in Table I.

The asymptotic tail mass functions , , and
are plotted in Fig. 2 for the Gaussian distribu-

tion case with 1, and 1 , 2, and 3 cases.
Also shown for reference is the asymptotic tail mass of the
heavy-tailed Laplacian density function with identical variance

, where is the scale
parameter. As figure shows, the tails exhibits the expected heav-
iness ordering, with cross and square terms having the largest
tail masses. Also of note is that, although the Gaussian distribu-
tion is a light-tailed density function, the cross and square terms
of Gaussian distribution are heavy-tailed distributed with tail
masses larger than that of heavy-tailed Laplacian distribution.
The heaviness of the tails of polynomial terms indicates that
robust methods of sample combination and output determina-
tion should be utilized to avoid undue influence of the outliers
and degradation in performance.

B. Maximum Likelihood Estimation and Filtering Under
Polynomial Statistics

Having established the heaviness of the cross and square term
distributions for Gaussian statistics, we now consider the op-
timal combination of samples approached from a ML perspec-
tive. ML estimation of location is first reviewed for a set of inde-
pendent and identically distributed (i.i.d) observations samples,
and the concepts are then extended to the cross and square terms
utilized in quadratic representations. The standard Gaussian dis-
tribution special case is considered first, followed by the cross
and square Gaussian distribution cases.

Consider a set of independent , each
obeying a Gaussian distribution with possibly different vari-
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ances . In this case, the ML estimate of
the location parameter is given by the weighted mean

(13)

where . This is simply a normalization

of the standard FIR filter , where is the
output and the terms are the FIR filter weights. Enforcing
the positivity constraint on the weights constrains the resulting
filters to be smoothers. In practice, however, this constraint is
relaxed, enabling FIR filters to take on a wide array of spectral
characteristics.

An analogous relation between filtering and ML estimation
can be derived for cross Gaussian terms. Consider the cross
terms formed as the product of i.i.d. Gaussian samples. More-
over, take the cross terms to have a common location parameter

and the i.i.d. Gaussian samples to have different variances,
i.e., , where and and are zero-mean
Gaussian distributed random variables. Note that this model also
holds for the cross product of two non zero-mean Gaussian sam-
ples as long as their location parameters are small relative to
the scale parameters. The ML estimate of the location param-
eter under cross Gaussian statistics is given by taking a set of

i.i.d. cross terms 1 and forming the Likelihood
function

(14)

It is shown that utilizing approx-
imation, setting , the ML estimate in (14) is
approximated by [15]

(15)

The solution to the weighted absolute deviations minimization
problem is given in [6], [17], [18] by the WM of the samples
in consideration,2 , where

and is the replication operator defined as

. The weight positivity constraining the filters to
smoothers, and, as in the FIR filter case, can be relaxed to enable
more general filtering characteristics by sign coupling [5]

(16)

where , for , , for , and
, for .

1Although this condition implies that i, j , k, and l are unique for z = x x

and z = x x , the condition is imposed to make analysis tractable and allow
the drawing of conclusions that hold approximatively in practice.

2Note that the WM is also the ML estimate of location under Laplacian sta-
tistics, which is a special case k = 1 of generalized Gaussian distribution dis-
cussed earlier.

Last, consider the square terms contributing to a quadratic
system. Let be a set of random variables
formed as the squares of i.i.d Gaussian samples, i.e.,

where has a Gaussian distribution with location
parameter and variance . The ML estimate of the desired
parameter under square Gaussian statistics is given by
taking a set of i.i.d. square terms

(17)

Utilizing an asymptotic similar function and under mild condi-
tions, it is shown that the ML estimate in (17) is approximated
by [15]

(18)

which yields the WM operator, ,
where . Finally, relaxing the positivity
constraint results in the general WM-based processing of square
terms, .

Note that the light-tailed Gaussian distribution case leads
to a weighted-sum combination of observed samples, while
the heavy-tailed cross and square Gaussian distributions lead
to sample selection based on rank order. Rank order-based
selection of the output sample is much more robust than output
methodologies based on weighted sums. Indeed, outliers, even
if infinitely valued, are suppressed by WM filtering as long as
the number of outliers is sufficiently small that they are local-
ized in the extremes of the ordered set. Considerable analysis is
available in the literature on the detail preservation and outlier
rejection characteristics of WM filters [5], [7], [19]–[21].

Although the presented ML analysis relies on approximations
and assumptions that may not hold in all cases, the results do
indicate that WM-based processing of polynomial terms is well
founded. These results, coupled with the preceding asymptotic
tail heaviness results, motivate the quadratic WM filters defined
in the following section.

III. MEDIAN-TYPE QUADRATIC FILTERING

The theory of quadratic filters can be viewed as an exten-
sion of linear filter theory. Consequently, many results related
to the analysis and design of linear filters can be extended to the
quadratic case. Not only are quadratic filters a straight forward
extension of linear filters, their optimality is well defined. For
instance, it can be shown that, under relatively mild conditions,
quadratic models are capable of approximating a large class of
nonlinear systems with a finite number of coefficients [21]–[23].
In the following subsections, the quadratic Volterra filter struc-
ture based on weighted-sum combinations is presented. The tra-
ditional quadratic Volterra filter structure is then converted to a
WM combination methodology, yielding the class of quadratic
WM filters.
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A. Quadratic Volterra Filtering

Consider the class of nonlinear, shift invariant systems with
memory based on the discrete-time quadratic Volterra series
[24]. The input-output relation, in the case of a finite support,
is given by the vectorial form

(19)

where is the output, is the
vector of past input samples, and is the second-order
Kernel of size that characterizes the nonlinear behavior
of the filter.

The traditional quadratic filtering is based on weighted-sum
combinations. To see this more clearly, the matrix equation for
the quadratic Volterra filter, (19), is expanded as

(20)

This formulation clearly indicates that, although the overall fil-
tering is (quadratic) nonlinear, the filter output is linear with
respect to second-order Kernel coefficients and the cross and
square terms of the observation samples.

B. Quadratic Weighted Median Filtering

We are motivated to change the the linear sum formulation in
(20) to a WM formulation by the results presented in Section II.

The QWM filter is, therefore, defined by replacing the
weighted-sum operators in (20) with WM operators

(21)

Also, the QWM filter is expressed more compactly
as, , where we utilize the notation [25]:

, and define

.

IV. PROPERTIES AND OPTIMIZATION OF QWM FILTERS

Properties of QWM filters are studied here in order to gain
a better appreciation of filter characteristics. We consider the
statistics of QWM filters, analyzing the output distribution vari-
ance, and breakdown probability. The rank selection probabil-
ities (RSPs) are utilized in the determination of QWM filter’s
output distribution and breakdown probability. Following the
filter analysis, optimization procedures are derived for the adap-
tive setting of QWM filter coefficients.

A. Statistical Properties

The second-order output moment is often used to measure
the noise attenuation capability of a filter [9], [26]. Hence, the
output variance of the QWM filter is derived utilizing the rank
selection probabilities. Since WM filters are selection type, the
rank selection probability (RSP) is defined as the probability
that the filter output is the th ranked sample, i.e.,

, . There are known procedures for deter-
mining the RSPs of WM filters [7], [9], [27]–[29]. Inputs to

the QWM filter are clearly dependent and non identically dis-
tributed, making the computation of rank selection probabilities
and output PDF intractable. Hence, in the following, the sam-
ples are assumed independent but non identically distributed.
It is noted in [27] that the independent case provides a good
first-order approximation for the dependent case without related
computational difficulties.

Let , for and for
be the input samples of the QWM filter and

be the rank selection probability of a given
QWM. The output CDF, , is then calculated as

(22)

(23)

Note that is the CDF of the th order
statistic and is given by [30]

(24)

where the summation extends over all permutations
of for which

and , and .
The output PDF, , is simply calculated by differenti-
ating (23)

(25)

where denotes the th order statistic’s PDF. The QWM
filter output variance, is then simply

(26)

where denotes the range of the filter output.
The output distribution of the QV filter is simply calculated

by3

(27)

where and denote the convolution operation and the
th sample distribution, respectively. The QV filter output vari-

ance, is, again, simply .
The QV and QWM filter output variances are given in Fig. 3

for Gaussian distributed input samples with varying statistics,
. In all filter formulations, the observation samples

are weighted uniformly, which yields the most smoothing and
robust performance. Also, observation window sizes are taken
as, 5, 9, and 13, yielding filter size of 25, 81, and
169, respectively. It is clear that the QWM filter, with lower

3Scaling a random variable trivially alters its density function, and, thus, the
weights of the QV filter are taken as unity.

Authorized licensed use limited to: CREATE-NET. Downloaded on July 27, 2009 at 08:21 from IEEE Xplore.  Restrictions apply. 



AYSAL AND BARNER: QUADRATIC WEIGHTED MEDIAN FILTERS 3299

Fig. 3. (Dashed) QV and (solid) QWM filter output variances for Gaussian
distributed input samples with � 2 [1; 10] for the N = 5, 9, and 13 cases.

output variance in all cases, provides better noise attenuation
than the QV filter. It is also noted that the performance gain
increases as the input variance increases.

The breakdown probability is a measure of filter robustness
[27], [31]. Breakdown probability is defined as the probability
of obtaining an impulse at the output given the probability of
the inputs being impulses. Let an event that an input sample is
a positive impulse, negative impulse, or neither correspond to a
random variable taking values 1, 1, or 0, respectively.
can be considered i.i.d. with ,

, and
, . The breakdown probability, which is

denoted , equals to the probability that the output of
the QWM filter .

The BDP of QWM filter is calculated utilizing the rank selec-
tion probabilities. The probability that the output is an impulse
is given by

. Substituting yields

(28)

Determining the probability that cross and square terms are pos-
itive impulse, negative impulse or neither completes the BDP
derivation of QWM since

and .
Let us first consider . Note that, since

multiplication of an impulsive sample with a nonimpulsive
sample yields an impulsive result, and .

Fig. 4. Breakdown probabilities of (dotted) QV and (solid) QWM filters for
(circle) N = 5, (square) N = 9, and (diamond) N = 13.

Let , then is calculated first by
conditioning on

(29)

Solving the above yields the probability of a cross term
being a negative impulsive sample,

. Performing similar steps, it is shown
that , , and

, which gives the information necessary to
compute .

The weighted-sum methodology of traditional QV filtering
produces an impulsive output whenever one or more impulses
are present in the observation set, yielding a breakdown proba-
bility of

(30)

which is equivalent to the BDP of a standard window size
FIR filter. That is, the BDP of a QV filter is strictly a function
of window size and is independent of coefficient values. The
BDPs of QWM and QV filters with 5, 9, and 13 (
25, 81, and 169) are plotted in Fig. 4. Samples are weighted
uniformly in QWM filter case, which yields the most robust
performance and . As the figure shows, the QWM
filter has a lower breakdown probability than the QV filter in all
cases. Moreover, the robustness gain provided by QWM filter
increases as the observation set size increases.

B. Filter Weights Optimization

The optimal setting of QWM filter coefficients is addressed
here. The complex nonlinear structure of the QWM filter pre-
cludes closed form solutions and an adaptive filtering approach
is adopted. The adaptive approach assumes that the observed
process is statistically related to a desired process ,
and that both and , or statistically representative
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training samples, are available. The running QWM filter output
estimates the desired signal as

(31)

where , and are the weight and step indexes, re-
spectively. Denoting and

, for and for
, the above reduces to

(32)

As robust operators, WM filters are generally optimized under
the mean absolute error (MAE) criteria

(33)

Also, the adaptive optimization of WM filters under the MAE
criteria is well established [5], [7]. Thus, the coefficients of
QWM filter are updated according to the fast LMA algorithm [5]

(34)

The quadratic structure of polynomial-based filters can pro-
duce large valued errors during optimization, which tends to de-
crease the rate of convergence [32]. To address this issue, we
utilize a normalized version of the LMA (NLMA) algorithm.
Thus, the QWM filter update step sizes is given by

(35)

where denotes the norm, and
. At the outset of the optimization,

the QWM filter is set with uniform weights, which is recognized
as a good initial weight assignment for WM-type filters [5]. Al-
though the nonlinear structure of the PWM filter precludes a
rigorous analysis of convergence (e.g., step size bounds), the
procedure yields good results in practice.

V. IMAGE PROCESSING APPLICATIONS

In principle, image sharpening consists of adding to the orig-
inal image a signal that is proportional to a high-pass filtered
version of the original image. Fig. 1 illustrates this procedure
often referred to as unsharp masking [1]. The sharpening oper-
ation can be represented by

(36)

where is the original pixel value, is a high-pass
filter and is a scale term. An apparent problem of this tech-
nique is that it does not discriminate between actual image in-
formation and noise. To eliminate this problem, while still pre-
serving the simplicity of the algorithm, Thurnhofer and Mitra
made use of the property of the Human Visual System (HVS)

described by Weber’s law [3] by using quadratic Volterra filters.
In bright regions, the image can be enhanced more because the
noise and other gray-level fluctuations are much less visible. On
the other hand, in darker portions, the enhancement needs to be
suppressed since it might deteriorate image quality. They have
shown that quadratic Volterra filter outperforms linear filters
previously used in the unsharp masking scenario, such as Lapla-
cian [1]. The quadratic Volterra filter is essentially a high-pass
filter that depends on the local mean. The proposed filter is also
computationally efficient, requiring a 3 3 support of pixels.
The quadratic 2-D Volterra filter proposed in [3] is given by

(37)

Replacing the weighted-sum operations with WM operators
yields the QWM counterpart of the filter

(38)

Although this QWM filter can effectively extract edges con-
tained in an image, the effect this filtering has on negative-slope
edges is different from that for positive-slope edges.4 Since the
filter output is proportional to difference between the center
pixel squared and the cross multiplication of the pixels around
the center, for negative-slope edges, the center pixel value takes
small values producing small values at the filter output. More-
over, the filter output is zero if pixels ,

, and , and the center pixel have the
same values. This implies that negative-slope edges are not ex-
tracted in the same way as positive-slope edges. To overcome
this limitation, the basic image sharpening structure shown in
Fig. 1 must be modified such that positive-slope edges as well
as negative-slope edges are highlighted in the same proportion.
A simple way to accomplish that is [7], as follows.

1) Extract the positive-slope edges by filtering the original
image with the QWM filter given above.

2) Extract the negative-slope edges by first preprocessing the
original image such that the negative-slope edges become
positive-slope edges, and then filter the preprocessed
image with the QWM filter.

3) Combine appropriately the original image, the filtered ver-
sion of the original image and filtered version of the pre-
processed image to form the sharpened image.

Fig. 5 demonstrates the block diagram for image sharpening
using QWM filters. The and terms are tuning parameters
that control the amount of sharpness desired in the positive and
negative-slope directions, respectively. The and values

4A change from gay level to a lower gray level is referred to as negative-slope
edge, whereas a change from a gray level to a higher gray level is referred to as
positive-slope edge.
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Fig. 5. Image sharpening based on QWM filter.

Fig. 6. Positive and negative-slope edge enhancement with QWM filtering. (a) Original row of the test image. (b) Row sharpened with only positive-slope edges.
(c) Only negative-slope edges, and both positive and negative-slope edges.

are generally selected to be equal. The output of the prefiltering
operation is defined as

(39)

where is equal to the maximum pixel value of the
original image. This prefiltering can be thought as a flipping and
a shifting operation of the values of the original image such
that the negative-slope edges are converted to positive-slope
edges. Since the original and the prefiltered image are filtered
by the same QWM filter, the positive and negative-slope edges
are sharpened in the same way. Thus, both positive and nega-
tive-slope edges are equally highlighted.

This procedure is illustrated in Fig. 5, where the top branch
extracts the positive-slope edges and the middle branch extracts
the negative-slope edges. In order to understand the effects of
edge sharpening, a row of a test image is plotted in Fig. 6(a),
together with a row of the sharpened image when only the pos-
itive-slope edges are highlighted, Fig. 6(b), only the negative-
slope edges highlighted, Fig. 6(c), and both positive and nega-
tive-slope edges jointly highlighted, Fig. 6(d).

In the unsharp masking applications, the effect of the filters
on the constant region and edges are important. As the constant
regions do not contain any detail information, the sharpening
filter output should take on very small pixel values or if possible
zero. The edges, however, contains the most relevant informa-
tion about the images. Hence, the filter outputs on these loca-
tions should take on larger pixel values in order to contribute to

the sharpening. The effects of the quadratic Volterra and QWM
filters defined with (37) and (38), respectively, on noisy constant
regions, edges and real images are investigated in the following
subsections.

A. Performance on Constant Regions

In images, the pixel values of the regions between edges
tend to vary slowly. In many cases, these regions can be as-
sumed to be locally constant if the window size is taken small
enough [33]. In the following, we examine the performance of
the quadratic Volterra and QWM filters on constant regions.
Fig. 7(a) shows a constant 2-D signal ,
whereas Fig. 7(b) shows the same signal corrupted by a
Gaussian noise with . It is easy to show that both filters
output zero in the noise-free case. We, thus, investigate the noisy
constant 2-D signal case. The noisy signals are passed through
the quadratic Volterra and QWM filters with and

(under these parameters, where is
given as the best parameter for the quadratic Volterra filter [3],
and the two filters result in approximatively similar sharpening
for a wide range of images), respectively. The results are
plotted in Fig. 7(c) and (e), along with their histograms given
in Fig. 7(d) and (f), respectively. It is clear that the quadratic
Volterra filter output is sensitive to the outliers formed in the
quadratic structure of the quadratic Volterra filter. The QWM
filter, however, with its structure based on WM operator, is
robust to the noise, and yields a light tailed distributed output
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Fig. 7. Performances of quadratic Volterra and QWM filter on a noisy constant region: (a) 2-D signal; (b) constant signal in (a) corrupted with Gaussian (� = 5);
(c) output of the quadratic Volterra; (d) histogram of (c); output of the QWM and (e) histogram of (f).

resulting in smaller output variance compared to the quadratic
Volterra case.

B. Performance on Edges

In unsharp masking applications, the extraction of edges in
noisy signals is the key component. Therefore, we investigate
the performance of quadratic Volterra and QWM filters in edge
extraction under noisy signals.

The constructed clean 2-D step edge signal is given in
Fig. 8(a) and the step edge signal enhanced with sharp-
ening using quadratic Volterra and QWM filters are given
in Fig. 8(b) and (c), respectively, with and

so that both filters have the same sharpening
in this specific artificial signal case. Notice that both filters

achieve nearly identical sharpening. As stated previously, with
and , where is given

as the best parameter for the quadratic Volterra filter [3], the
two filters result in approximatively similar sharpening over a
wide range of images, and those are the parameters that are uti-
lized in the real image applications discussed in the following
subsection.

The step edge signal corrupted with Gaussian noise
is given in Fig. 9(a). The corrupted step edge signals are passed
through quadratic Volterra and QWM filters. The step-edge sig-
nals sharpened utilizing quadratic Volterra and QWM filters are
given in Fig. 9(b) and (d) along with their histograms in Fig. 9(c)
and (e), respectively. It is clear that the two-level structure is pre-
served in the QWM filter case, whereas the two level structure of
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Fig. 8. Image sharpening of a clean 2-D step edge signal given in (a). The image sharpened with quadratic Volterra and QWM filters are given in (b) and (c),
respectively.

the step edge, in the QV filter case, disappears and the levels are
overlapping due to the noise enhancement. Note that the outliers
are clearly present in the signal enhanced utilizing the QV filter.
These outliers are also apparent in the output signal histogram.
In addition, the enhanced edge levels are also more distinct in
the QWM filter case.

C. Performance on Images

In the following, we demonstrate the application of QWM
filters in the processing of real images, again comparing to
the FIR quadratic Volterra filters. The test image “Lena”
and a zoomed-in version for close inspection are shown in
Fig. 11(a) and (b), respectively. The QWM filter weights
are, in this case, determined through the weight optimization
scheme given in previous section in a system identification
scenario as shown in Fig. 10, where the output of the QV
system to the clean image is utilized as the desired signal. It
should, however, be noted that the QWM filter with weights
identical to its QV counterpart is a suboptimal solution and
can be utilized in the cases where there is no reference
image. The initial values of the weights are set same as the
quadratic Volterra filter coefficients. The obtained weights
are , ,

,
, and . Note that the

filter coefficients are closer to the quadratic Volterra filter coef-
ficients, which is expected since the output of the weighted-sum

and WM filters of an equivalently weighted sample set provide
similar outputs [5], [7]. The QV and QWM filters are then
utilized to sharpen the image “Lena”, the results of which are
given in Fig. 11(c) and (e) with their zoomed-in version in
Fig. 11(d) and (f), respectively. Note that both filters yields
similar sharpening results. The mean absolute difference
(MAD) between the edge enhanced images is calculated as
2.611, whereas the mean square difference (MSD) is calculated
as 19.83. Both resulting images are noticeably sharper, and
even small details in the hair and feather regions have been
enhanced.

Both filters are also used to sharpen “Lena” corrupted with
Gaussian noise. The corrupted “Lena” image is given

in Fig. 12(a) along with the zoomed-in version in Fig. 12(b). The
noisy image is passed through the quadratic Volterra and QWM
sharpeners. The resulting images, for QV and QWM filter cases,
are given in Fig. 12(c) and (e) along with their zoomed-in ver-
sions in Fig. 12(d) and (f), respectively. Inspection of the im-
ages shows that both the QWM and quadratic Volterra outputs
contain sharper edges, but the QWM filter output exhibit less
overshoot and ringing, as well as more consistent uniform areas.
Even though the image in this case is corrupted by a relatively
low level of noise, the noise affects are amplified in the tradi-
tional QV system due to the weighted-sum methodology. The
QWM results, in contrast, minimizes the influence of cross and
square term outliers, resulting in crisp edges, and more consis-
tent uniform regions, and visually more pleasing results.
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Fig. 9. Sharpening of 2-D step edge signal corrupted with Gaussian (� = 5) noise given in (a). The enhanced corrupted step edge signals using quadratic
Volterra and QWM filters are given in (b) and (d) along with their histograms in (c) and (e), respectively.

Fig. 10. System identification block diagram.

In order to compare these results quantitatively, we chose the
MAEs and mean-square errors (MSEs) summarized in Table II,
which are consistent with the visual results. The edge enhanced

output of the quadratic Volterra for the noise-free case is taken
as the reference image and the MAE and MSE are calculated
for different noise powers.5 Note that the QWM filter yields im-
proved performance in all cases. In addition, the QWM filter
performance gain increases with noise power as well as dis-
tribution tail heaviness. That is due to the fact that although
the noise power increases linearly, it increases quadratically in
the higher order terms. The utilization of suboptimal weights
(identical to its QV counterpart) increases the MAE from 2.611
to 2.741 (4.9% performance loss) and the MSE from 19.83 to

5Although the QV filter output for the noise-free case is taken as the reference
image, one can argue that the results of QWM filter, even for the noise-free case,
is better than that of QV filter. Since the robustness of higher order processing
is a significant contribution of this paper, we choose to base the quantitative
evaluations on the QV filter operating on the noise-free image as the reference
image.
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Fig. 11. (a) Original image “Lena” and zoomed in version in (b). The result of the unsharp masking using quadratic Volterra and QWM filters are given in (c) and
(e) along with their zoomed-in versions in (d) and (f), respectively.

21.12 (6.5% performance loss) for the noise free-case. In the
noisy cases, however, the performance loss is 3.7% for the MAE
cases and 5.2% for the MSE cases in average.

The quadratic Volterra and QWM filters are also tested with
the “Boat” image given in Fig. 13(a) along with the zoomed-in
version in Fig. 13(b). The QWM filter weights, as in the pre-
vious case, are optimized utilizing the QV filter output for clean
input image. Weights similar to the previous case are obtained.

The quadratic Volterra and QWM filter sharpeners are used to
enhance the quality of the “Boat” image. The resulting edge
enhanced images are given in Fig. 13(c) and (e) along with
their zoomed-in version in Fig. 13(d) and (f), for quadratic
Volterra and QWM filter cases. Both images are noticeably
sharper. Notice also that, in both cases, the filters outputs are
relatively small in darker regions, whereas in brighter regions,
even minute details result in a strong response. The MAD and
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Fig. 12. Sharpening of image corrupted with Gaussian noise (� = 65). (a) Original image “Lena” and zoomed in version in (b). The result of the unsharp
masking using quadratic Volterra and QWM filters are given in (c) and (e) along with their zoomed-in versions in (d) and (f), respectively.

MSD between the edge enhanced images are calculated as
4.054 and 63.14.

The original “Boat” image is then corrupted by Gaussian
noise with , as shown in Fig. 14(a) and (b). The
noisy image is then sharpened using both quadratic Volterra and
QWM filters. The quadratic Volterra sharpener results are given
in Fig. 14(c) and (d), whereas the QWM filter results are given
in Fig. 14(e) and (f). Similar results, as in the previous case,
are observed. The MAE and MSE results, where the quadratic

Volterra sharpener output operating on the clean image is used as
the reference image, for different noise powers are summarized
in Table III. Note that the QWM filter yields better performance
than its weighted-sum-based dual QV filter in all cases except
an isolated low-power noise case.

Although the quadratic Volterra filter based on weighted-
sum combination of higher order samples and the QWM
filter based on WM combination of higher order samples
yield similar sharpening results in the noise-free cases, the
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Fig. 13. (a) Original image “Boat” and zoomed in version in (b). The result of the unsharp masking using quadratic Volterra and QWM filters are given in (c) and
(e) along with their zoomed-in versions in (d) and (f), respectively.

QWM filter outperforms the FIR quadratic Volterra filter in the
noisy image sharpening cases as shown through simulations.
The outliers formed throughout the sharpening process at the
higher order terms of the light-tailed Gaussian distribution are
eliminated through the median structure. The weighted-sum
structure of the quadratic Volterra filter, however, fails to
remove the outliers resulting in a performance degradation.

It should be noted that the results presented here correspond
to the case where the original images are corrupted with light-
tailed Gaussian noise. In the cases where the original image
is corrupted with heavy-tailed noise, such as Laplacian and
Cauchy, the performance gain provided by QWM filter dramat-
ically increases. This is due to the significant increase in the
cross and square terms asymptotic tail masses of heavy-tailed
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Fig. 14. Sharpening of image corrupted with Gaussian noise (� = 65). (a) Original image “Boat” and zoomed in version in (b). The result of the unsharp
masking using quadratic Volterra and QWM filters are given in (c) and (e) along with their zoomed-in versions in (d) and (f), respectively.

parent distribution. Some analysis and discussion on the tail
heaviness of the cross and square terms of heavy-tailed random
variables are given in [34].

VI. CONCLUSION

Statistics, including the probability density functions and
asymptotic tail masses, of the higher order terms contributing

to the output of a quadratic filter are analyzed. The results indi-
cate that even though the observation samples are light-tailed
Gaussian distributed, the higher order terms exhibit heavy tail
distributions, even heavier than Laplacian statistics. The WM
processing of higher order cross and square terms is justified
from a ML perspective. Motivated from the tail and ML analysis,
a novel QWM filter structure is proposed. The robustness of
QWM filter to higher order statistics of noise is analyzed through
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TABLE II
MAE AND MSE OF THE SHARPENED “LENA” IMAGE FOR THE QV
AND QWM FILTERS IN PRESENCE OF GAUSSIAN NOISE COMPARED

TO THE QUADRATIC VOLTERRA OUTPUT IN THE NOISE-FREE

CASE AND PERFORMANCE GAINS K AND K

TABLE III
MAE AND MSE OF THE SHARPENED “BOAT” IMAGE FOR THE QV
AND QWM FILTERS IN PRESENCE OF GAUSSIAN NOISE COMPARED

TO THE QUADRATIC VOLTERRA OUTPUT IN THE NOISE-FREE

CASE AND PERFORMANCE GAINS K AND K

the determination of output variance and breakdown probability.
The effect of the filters are compared on constant regions, edges,
and real images. Simulations carried out to evaluate and com-
pare the performance of the proposed QWM structure show the
advantages of QWM over the traditional QV filtering.
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