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Generalized Mean-Median Filtering for Robust
Frequency-Selective Applications
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Abstract—Huber proposed the family of -contaminated
normal distributions to model environments characterized by
heavy-tailed distributions. Based on this two-component mixture
distribution, mean-median (MEM) filters were proposed. The
MEM filter output is a combination of the sample mean and the
sample median, where observation samples are weighted uni-
formly. This property of MEM filters constrains them to the class
of smoothers lacking frequency-selective filtering capabilities. This
paper extends MEM filtering to the weighted sum-median (WSM)
filtering structure admitting real-valued weights, thereby enabling
more general filtering characteristics, i.e, bandpass and high-pass
filtering. The proposed filter structure is also well motivated
from a presented maximum likelihood (ML) estimate analysis
under -contaminated statistics. The ML analysis demonstrates
the need for a combination of weighted sum (WS) and weighted
median (WM) type filters for processing of signals corrupted by
-contaminated noise. The WSM filter is statistically analyzed

through the determination of filter output variance and break-
down probability. The combination parameter is optimized to
minimize the filter output variance, which is a measure of noise
attenuation capability. Moreover, filter design procedures that
yield a desired spectral response are detailed. Finally, the proposed
WSM filter structure is tested utilizing signal processing applica-
tions including low-pass, bandpass, and high-pass filtering and
image processing applications including image sharpening and
denoising, evaluating and comparing the WSM filter performance
to that of the WS, WM, and MEM filters.

Index Terms— -contaminated, maximum likelihood estimate,
mixed-filtering, nonlinear filtering, weighted mean, weighted
median.

I. INTRODUCTION

L INEAR filtering techniques have been used in many signal
processing applications, and their popularity mainly stems

from their mathematical simplicity and their efficiency in the
presence of additive Gaussian noise. It is known that under
Gaussian statistics (all samples having the same variance), the
maximum likelihood estimate of location is the sample mean,
thereby inspiring linear filtering. However, mean filtering fails
to effectively remove heavy-tailed noise and performs poorly
in the presence of signal-dependent noise. It is also known that
under heavy-tailed Laplacian statistics (all samples having the
same variance), the maximum likelihood estimate of location
is the sample median. Median filtering, with its fine detail
preservation and impulsive noise removal characteristics, has
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taken its place in many signal and image processing applica-
tions [1], [2]. An important shortcoming of the median that has
hampered its use in many other fields is that the filter output is
always constrained, by definition, to be one of the samples in
the input window. Although this “selection” characteristics is
very desirable in image processing applications [3], it results in
efficiency losses that are unacceptable for many other applica-
tions. It is well known, for example, that the median loses as
much as 40% efficiency over the sample mean when used as a
location estimator in Gaussian environments [4]. Accordingly,
mixture-distributions are proposed to model the underlying
Gaussian and impulsive noise characteristics encountered in
many applications.

Assume that the noise probability distribution is a scaled ver-
sion of a known member of the family of -contaminated
normal distributions proposed by Huber [5]

(1)

where is the standard normal distribution, is the set of all
probability distributions symmetric with respect to the origin
(i.e., such that ), and is the
known fraction of “contamination.” The presence of outliers in
a nominally normal sample can be modeled by a distribution
with tails that are heavier than that of the normal distribution.
Huber found that the least favorable distribution in , which
maximizes the asymptotic variance (or, equivalently, minimizes
the Fisher information [5]), is given by a Gaussian probability
density function (pdf) in the center and a Laplacian pdf

in the tails, switching from one distribution to the other at a
point whose value depends on the fraction of the contamination
. In this structure, larger contamination fractions correspond to

smaller switching points and vice versa. The -contaminated pdf
in this case reduces to .

Inspired by the discussed distribution, and noting that the ML
estimates under i.i.d. Gaussian and Laplacian statistics are given
by sample mean and sample median, respectively, a filtering
structure based on the convex combination of the sample mean
and sample median is proposed in [6]. The MEM filter is de-
fined as follows.

Definition 1: Let denote an observa-
tion vector. The MEM filter output is given by

(2)

where , and denote the sample mean and sample
median, respectively.

Note that the sample mean and the sample median filters are
constrained to positive weights and all the samples in each filter
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are uniformly weighted. The MEM filter is thus constrained to
the class of smoothers, lacking the capability of more general
filtering characteristics, such as bandpass and high-pass. Also,
note that in [6], the MEM filter is not related to any statistical es-
timation framework, such as ML. In addition, the combination
parameter , in this original formulation, is simply optimized
using the well-known asymptotic variances of the sample mean
and sample median under the assumption that the subfilter out-
puts are independent, which is clearly not the case.

Note that the -contaminated pdfs exhibit tails heavier than
that of the Gaussian and lighter than that of the Laplacian pdf.
For the noise distributions whose pdf tail weight lies between
those of a Gaussian and Laplacian pdfs, one can employ -fil-
ters defined as follows [7], [8].

Definition 2: The -filter output is given by

(3)

where and denote the th filter weight and the order
statistic [9], respectively.

A special case or -filters, called “trimmed mean” filters, are
robust against outliers present in a underlying Gaussian distri-
bution. The coefficients, in this case, are given by [10], [11]

otherwise
(4)

where denotes the greatest integer and .
As in the case of MEM filter, these filter structures are also

constrained to the class of smoothers [12]. Although these
methods have proven useful, but are nonetheless ad hoc and
often too cumbersome for practical use.

In this paper, we propose a novel weighted sum-median
(WSM) filtering structure. The proposed filter structure is well
motivated from a presented maximum likelihood (ML) esti-
mate analysis under -contaminated statistics. The WSM filter
admits real-valued weights enabling general filtering charac-
teristics. Also, the optimization of the combination parameter
is performed through the minimization of the output variance,
which is often used to measure the noise attenuation capability
of filters. Robustness of the proposed WSM filter is analyzed
through the determination of the breakdown probability. In
addition, spectral design procedures for setting the WSM
weights are presented. Finally, signal and image processing
application results are presented showing that the WSM filter
outperforms weighted sum (WS), weighted median (WM), and
MEM filtering schemes.

The remainder of this paper is organized as follows. The
relations between ML estimates and WS and WM filtering
are presented in Section II and these approaches are extended
to the -contaminated statistics. The WSM filter is defined in
Section III along with the output variance analysis, robustness
analysis, and spectral design procedure. Section IV includes
simulations evaluating the proposed filter structure and com-
paring it to WS and WM filters with various applications.
Finally, the conclusion are drawn in Section V.

II. MAXIMUM LIKELIHOOD ESTIMATION AND FILTERING

Consider the location estimation problem of estimating the
location constant from the samples of
noisy observation data , where

(5)

and are independent and identically distributed zero-mean
noise. In the following, we consider the optimal combination of
samples approached from a ML perspective. ML estimation of
location is first reviewed for a set of Gaussian and Laplacian dis-
tributed samples, and the concepts are then extended to Huber’s
impulsive noise model.

A. Gaussian Distribution Case

Consider a set of independent samples
each obeying Gaussian pdf, , with (possibly) different
variances . The ML estimate maximizing the
likelihood function is given by [13]

(6)

where . This is simply a standard normalized
FIR filter , where is the output and the terms
are the FIR filter weights. Enforcing the positivity constraint on
the weights constrains the resulting filters to be smoothers. In
general practice, however, this constraint is relaxed, enabling
FIR filters to take on wide array of spectral characteristics, such
as bandpass and high-pass.

B. Laplacian Distribution Case

A similar connection between ML estimation and filtering
is established in the Laplacian pdf case [1], [14]. The estimate
maximizing the likelihood function is given by [1], [14]

(7)

where and is the replication operator defined

as . The weight positivity constraint
again restricts the defined class of filters to smoothers, but, as in
the FIR filter case, this constraint can be relaxed to enable more
general filtering characteristics [1]. The filter output in the more
general case is given by

(8)

where when , when and
when .

Remark 1: Note that the Gaussian distribution case leads to
a weighted sum combination of observation samples, while the
heavier tailed Laplacian distribution leads to sample selection
based on rank order. Rank order based selection of the output
sample is much more robust than output methodologies based
on weighted sums. Indeed, outlier samples, even if infinitely
valued, are suppressed by WM filtering as long as the number
of outliers is sufficiently small that they are localized in the ex-
tremes of the ordered set. Considerable analysis is available in
the literature on the detail preservation and outliers rejection
characteristics of WM filters [1], [14]–[17].
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C. -Contaminated Distribution Case

Consider the case with the s given in (5) given as

(9)

where and are RVs with Gaussian pdf, , and
Laplacian pdf, , respectively. Also is the fraction
of contamination.

This two-component model is the basis of a number of ro-
bust estimators in the literature [4], [5]. This assumption for the
noise to be -contaminated Gaussian and Laplacian distributed
is mainly due to the fact that heavier tails than the Gaussian
mixture are provided by the Laplacian pdf, which is used as a
contaminant of the Gaussian pdf. The presence of outliers in a
nominally normal sample is thus modelled by a Laplacian pdf
with tails that are heavier than that of the Gaussian pdf. Since
the ML estimate of location is based on the pdf of the underlying
statistics, the CDF and pdf of -contaminated statistics are dis-
cussed next.

The CDF of is easily derived by conditioning on the RVs.
Moreover, differentiating the CDF yields the pdf of the contam-
inated distribution

(10)

Remark 2: Huber [5] proposed the -contaminated normal
set for modelling heavy-tailed environments and found that
the least favorable distribution in that maximizes the asymp-
totic variance (or, equivalently, minimizes the Fisher informa-
tion-inverse Cramer-Rao bound [5]) is given by (10). This pdf
is Gaussian in the center and Laplacian in the tails, and switches
from one to the other at a point whose value depends on the frac-
tion of the contamination .

The likelihood function, in this case, is given by

(11)

Unfortunately, the sum density function formulation makes
the likelihood function in (11) intractable in the estimation
problem [12]. Note, however, that in (9) each generated sample
is Gaussian distributed with probability or Laplacian
distributed with probability . For samples, hence, we can
assume that there are samples obeying a
Gaussian pdf and samples obeying a heavy-tailed
Laplacian pdf. To overcome the drawbacks of the sum density
function likelihood formulation, we consider the following
equivalent likelihood function1

(12)

1We assume, without loss of generality, that the first k samples are generated
from Gaussian pdf and the remaining (N � k) are generated from heavy-tailed
Laplacian pdf.

The ML estimate of the location is given, in this case, by

(13)

Taking the natural log and eliminating constants yields

(14)

It is simple to show that the second derivative of the above
cost function is always positive indicating that the function is
convex with a global minimum. Note that the above ML es-
timate has two terms: (1) sum of the squared deviations for
Gaussian distributed terms; and (2) sum of the absolute devi-
ations for Laplacian distributed terms. The ML estimate, hence,
is referred to as Combined ML estimate (CML).

Remark 3: The CML converges to a weighted mean as
. Note that corresponds to the case where all samples,

, are Gaussian distributed, under which the ML
estimate is given by the weighted mean. Also, the CML con-
verges to a weighted median as . Similarly, corre-
sponds to the case where all samples are Laplacian distributed,
under which the ML estimate is given by the weighted median.

The CML estimate, thus, inspires a combination of
weighted-sum and weighted-median type filters for processing
of signals with -contaminated statistics. Next, a filtering
structure based on convex combination of weighted-sum and
weighted-median type filters is proposed and statistically
analyzed.

III. WSM FILTERING

Recall that in Section II it is shown that the ML estimate under
Gaussian and Laplacian statistics reduces to a weighted sum and
weighted median combination of samples, respectively. In ad-
dition, the ML estimate under -contaminated distributions re-
duces to the CML, which incorporates both the sum of squared
deviations of Gaussian distributed terms and the sum of abso-
lute deviations of Laplacian distributed terms in the minimiza-
tion problem. The CML suggests that a combination of WS and
WM type filters is required for processing of signal under -con-
taminated statistics. In practical, however, it is a very difficult
task to determine the distribution of a given sample. The perfor-
mance of the CML, thus, needs to be approximated. A convex
combination of WS and WM filters is accordingly defined as
follows.

Definition 3: Given the observation sample vector,
, the output of the WSM filter is

given by

(15)

where and for
denote the sub-WS and sub-WM filter coefficients, respec-
tively, and and

.
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Fig. 1. The WSM filtering framework: WS and WM subfilters process the ob-
servation samples followed by a convex combination of subfilter outputs.

Note that the WSM filter reduces to MEM filter when all
the observation samples are weighted uniformly. The WSM fil-
tering structure is illustrated in Fig. 1, which clearly shows the
WS and WM processing of observation samples (admitting real-
valued weights) followed by a convex combination of subbuilt
outputs.

The following property of the WSM is analogous to the prop-
erties of the CML estimate derived in Section II, where, for

and , the CML estimate reduces to ML estimate
under Gaussian and Laplacian statistics, respectively.

Property 1: The WSM filter reduces to WS and WM filters
for and cases, respectively.

The WSM filter can thus be tuned with the parameter to ad-
just to the changing statistics of the noise. Specifically, can be
set closer to zero to obtain linear filtering characteristics under
Gaussian statistics, or be set to unity to obtain robustness to
heavy-tailed noise.

Note that unlike MEM filtering structure proposed in [6],
which is simply a combination of the sample mean and the
sample median, the observation samples in the WSM filter
are weighted utilizing real-valued weights in each subfilter,
yielding more general filtering characteristics in the WSM
filtering structure.

A. Statistical Properties and Optimization of

Properties of the WSM structure are studied here in order to
gain a better appreciation of filter characteristics. We consider
statistics of the WSM filter, deriving the filter output variance
and the breakdown probability illustrating the robustness of the
WSM filter. Also, the combination parameter is optimized to
yield the filter with minimum output variance.

1) Output Variance: The second-order central output mo-
ment is quite often used to measure the noise attenuation capa-
bility of a filter, as it quantifies the spread of the output samples
with respect to their mean value. The WSM filter output vari-
ance, , is a function of , and given by

(16)

where denote statistical expectation. Utilizing
and performing algebraic manipulations yields

(17)
where , , and denote the sub-WS filter
output variance, sub-WM filter output variance, and covariance
of the subfilter outputs, respectively. The determination of
these parameters are extensively studied in the literature [9],

[15], [18]–[20]. Hence, these statistics are readily determined
for a given pdf and are explicitly utilized later in the paper at
the breakdown probability calculation section.

The noise attenuation capability of the filters, determined by
the filter output variance, is an important measure of filter per-
formance. Given the filter weights and , the WSM filter at-
taining the minimum output variance (i.e., minimized over ),
is calculated as

(18)

the solution to which provides the best filtering performance.
The following corollary gives the parameter minimizing the
filter output variance.

Corollary 1: The value minimizing the WSM filter output
variance is given by

(19)

Proof: Differentiating (17) with respect to yields

(20)
Setting (20) to zero gives the desired result. In addition, the
second derivative is given by

(21)

Note that the second derivative is always positive since

(22)

which implies that

(23)

and indicates that is a convex function [18]. Thus, is
the global minimum of .

Note that, given the weights, the optimum is dependent on
the noise statistics. This is in contrast to the MEM filter, which
has a fixed combination parameter [6]. This optimization of the
WSM filter yields a more robust and flexible structure for tuning
the filter to varying noise characteristics.

To visually see the convexity property of the WSM filter
output variance function, we plot for the ,

, and WSM filter window size
case, Fig. 2. In this example, 10 000 samples ( -contaminated
distributed) are generated and passed through the WSM filter
with varying parameters and the filter output vari-
ance reported in Fig. 2. The observation samples are weighted
uniformly for both subfilter formulations, which gives the
most smoothing and robust performance. The theoretical
calculations show that , and

yielding, . Note that the
curve is a convex function of . In addition, the simulated
agrees with the theoretical results as the plot minimum is
attained at .
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Fig. 2. Filter output variance as a function of �. The parameters are � = 0:4,
� = 1, and� = 4. The WSM filter window size isN = 11. The observation
samples are weighted uniformly for both subfilter formulations.

2) Breakdown Probability: A direct measure of filter ro-
bustness is given by the breakdown probability (BDP), which
is defined as the probability of an impulse occurring at the
filter output [19], [20]. The BDP is derived by first selecting a
threshold , such that if a noise or output sample exceeds this
level, the sample is regarded as an impulse. Also, let the sym-
metric distribution of the i.i.d. input samples be . Then
the probability of an input sample being an impulse (positive
or negative) is .

The BDP of selection-type filters, such as WM filters, can
be established utilizing the rank selection probability (RSP),
which is defined as the probability that the filter output is the
th ranked sample, i.e., for

[20]. The RSPs can be established for any WM filter with in-
teger-valued weights [19]–[21] and any WM filter with real-
valued weights can be represented by an equivalent WM filter
with integer valued weights [20], [21]. Thus for any WM filter,
the RSPs can be established. Last, since scaling a RV trivially
alters its distribution, we assume for simplicity that

.
The BDP of the WSM filter is statistically related to the filter

output density, . In order to calculate the output distribution
of the WSM filter, the subfilter output distributions are first cal-
culated. Let and denote the output pdfs of the sub-WS
and sub-WM filters, respectively. For i.i.d. observation samples
and window size , is given by

(24)

where and denote the input pdf and the convolution
operation, respectively. The output pdf of the sub-WM filter is
given by

(25)

Fig. 3. Breakdown probability analysis: the BDP of the WS, WM, and WSM
filters are given in solid, dashed, and dotted lines, respectively. Noise parameters
are � = 0:4, � = 1, and � = 4.

where is the pdf of the th-order statistics [9]

(26)
The outputs of the subfilters are clearly coupled, making an

exact derivation of the final output unwieldy. Thus we assumed
that the subfilter outputs are independent. Although this is a
somewhat crude assumption, it makes the analysis tractable and
yields fairly accurate results. Under the independence assump-
tion, the WSM filter output distribution is expressed as

(27)

The BDP of the WSM filter, , is then simply given by

(28)
where denotes the output CDF.

The BDPs of WS and WM filters, along with the BDP of
the WSM filter, are given in Fig. 3 for -contaminated mix-
ture distributed noise with parameters: and
and . The BDP of a WS filter is given by

. In addition, the BDP of a WM filter
is determined as

(29)

where is the CDF of the th-order statistics given by [9]
. The observa-

tion samples in all filter formulations are uniformly weighted
yielding the most smoothing and robust filtering

characteristics. Notice that the WS filter is the most sensitive
to the impulsive components of the noise yielding the largest
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TABLE I
SUB-WS AND SUB-WM FILTER WEIGHTS FOR LOW-PASS FILTERING

BDP compared to WM and WSM filters. In addition, the WM
filter, well-known for its impulsive-type noise rejection, yields
greater impulsive components rejection capabilities. The WSM
filter yields the lowest BDP with optimal , since WSM filter
is more efficient than: (1) the WM filter when most of the ob-
servation samples obey Gaussian distribution; and (2) the WS
filter when outliers are present in the observation samples.

B. Design of WSM Filters

Filter parameters, , and can be jointly designed ac-
cording to a statistical error criterion, , such as MAE

or mean-square error (mse) with
straightforward extension of methods readily available in the
literature for optimizing weighted sum [22] and weighted
median filters [12]. However, a large number of engineering
applications require low-pass, bandpass or high-pass fre-
quency filtering characteristics. Equalization, deconvolution,
prediction, beamforming, and system identification are ex-
ample applications where filters having low-pass, bandpass,
or high-pass characteristics are of fundamental importance.
The WSM filter weights design procedure detailed here is
thus aimed at obtaining such desired frequency-selective
characteristics.

Recall that the WSM filter is a convex combination of WS
and WM subfilter outputs. Accordingly, the design of the WSM
filter weights reduces to the design of subfilters and the setting of

(previously addressed). The sub-WS filter can be set through
a number of optimization and design tools readily available for
the linear filters. In addition, the sub-WM filter can be designed
utilizing the recently proposed synthesis algorithm [23]. This
algorithm provides a closed-form solution for the spectral de-
sign of WM filters, avoiding the need for adaptive algorithms
requiring training data sets. The following provides a formal
statement and review of the synthesis algorithm. Following this,
the developed WSM filter spectral design procedure is given.

The linear FIR smoother coefficients have
been shown by Mallows to have an intimate relationship to
the statistical characteristics of the corresponding nonlinear
smoother [24]. In fact, the weights of the closest nonlinear
smoother satisfy for , where

is the probability that the output value of the non-
linear smoother is equal to the th input sample . Accordingly,

is referred to as sample selection probability
(SSP) [20]. The WM smoother weights are found to minimize
the mse cost function given by

(30)

where denotes the SSP vector for a given . The optimiza-
tion is carried out with a gradient-based algorithm designed to

find the WM smoother closest to a specified WS smoother in the
mse sense.

The extension of this algorithm to the WS and WM filters
admitting real-valued weights for is
accomplished as follows [23].

• Given the desired frequency characteristics, design the best
WS filter using one of the traditional design
tools for linear filters.

• Decouple the signs of the coefficients to form the vectors
and .

• After normalizing the vector , use the synthesis algo-
rithm defined for smoothers to find the closest WM filter,

.
• The WM filter with the spectral response closest to the

desired one is given by .
The WSM filter, with the desired spectral response and noise

attenuation characteristics is thus, designed as follows.
1) Design the best sub-WS component of the filter using the

traditional tools already available for WS filters.
2) Use the above synthesis algorithm to obtain the sub-WM

component weight vector .
3) Given the designed subfilter weights, the optimal is ob-

tained by using (19).
Hence, the desired frequency-selective characteristics are ac-
complished through the subfilter weights design algorithm and
the noise attenuation is achieved by optimizing the combina-
tion parameter such that the filter output variance is minimized.
The WSM filter is, thus, equipped both with the desired fre-
quency-selective and noise attenuation features.

The following experiment is used to test the proposed WSM
filter designing algorithm. A linear FIR (WS) filter ,

with low-pass characteristics is de-
signed using MATLAB’s fir1 command. In addition, its WM
counterpart, is designed using the
synthesis algorithm [23] reviewed here. Similar procedures
are repeated for bandpass and high-pass filtering cases. The
designed sub-WS and sub-WM filter weights are given in
Tables I, II, and III for the low-pass, bandpass, and high-pass
filtering cases, respectively. The cut-off frequencies are: 0.25,
[0.35 0.65], and 0.75 for low-pass, bandpass, and high-pass
filtering cases, respectively. Note that, both filter formulations,
in all considered cases, exhibit similar weight distributions.
This is expected since it is shown in [1] and [23] that WS and
WM filters with similar weighting manifest similar filtering
characteristics.

The frequency characteristics of the formed WSM filters are
estimated as follows: 50 realizations of 1000 sample standard
white -contaminated noise sequences are fed into the filter and
the spectra of the output is estimated using the Welch method
[25]. The results are averaged to yield the frequency responses
shown in Fig. 4. In addition to the WSM filters output spectra,
the output spectra of the WS (FIR) and WM filters are shown in
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TABLE II
SUB-WS AND SUB-WM FILTER WEIGHTS FOR BANDPASS FILTERING

TABLE III
SUB-WS AND SUB-WM FILTER WEIGHTS FOR HIGH-PASS FILTERING

Fig. 4. The plots show that the WSM filter can take on a wide
range of frequency-selection characteristics. The characteristics
of the filters are very similar in the passband, whereas the major
difference is the range of attenuations provided by the WS and
WM filters. The robust WSM filter, however, provides better
attenuation than the WM filter in the passband, but worse than
that of the WS filter. In all cases .

IV. SIMULATION RESULTS

Although the statistical analysis points to the fact that WSM
filter outperforms WS and WM filters, their performance is
best shown through examples. The performance of the pro-
posed convex combination of WS and WM filters is tested and
compared here to traditional WS, WM, linear combination of
weighted median (LCWM) [26], and MEM filtering through
simulations. Considered here are the signal processing appli-
cations of low-pass, bandpass, and high-pass filtering, and the
image processing applications of image sharpening, image
denoising. Also the validity of the proposed filtering structure
is verified by comparing to the true ML estimate.

The choice of criteria by which to measure the performance
of filters presents certain difficulties. In particular, it is clear that
a global performance measure, such as mse, only gives a partial
picture of true performance. For instance, one filter may per-
form well when operating on Gaussian samples but poorly on
outlier, whereas another may perform poorly on Gaussian sam-
ples but well on outliers. Yet, two could have the same mse.
MAE, in contrast, tends to give less influence to large errors.
In addition, The second-order central output moment is quite
often used to measure the noise attenuation capability of fil-
ters. It quantifies the spread of the output samples with respect
to their mean value. To assess the performances of the filters,
output variance, MAE and mse between the filtered and the de-
sired signals are evaluated to quantitatively compare the perfor-
mance of the filters.

A. Frequency-Selective Filtering

The frequency-selection capabilities of the filters, together
with their noise rejection potential, are tested as follows: The
sum of two sinusoids, with frequencies chosen such that one is
in the passband and one is in the stopband of each filter, are
corrupted with additive -contaminated ( [6]) mixed

Gaussian and Laplacian noise, with different level
of impulsiveness ( 1, 2, and 4). The normalized frequen-
cies of the sinusoidals are 0.1 and 0.5 for low-pass filtering and
bandpass filtering and 0.5 and 0.9 for high-pass filtering. The
WSM filters designed in previously are utilized in this set of
simulations.

1) Low-Pass Filtering: The two-tone input signal with nor-
malized frequencies 0.1 and 0.5 is utilized in this experiment.
Table IV shows the quantitative filter output variance, and
and norm error measurements for varying impulsiveness of
the noise ( 1, 2, 4). It can be seen from the table that the
WSM filter yields the lowest output variance, MAE, and mse
in all cases. In addition, as the impulsiveness of the noise in-
creases, the performance gain provided by WSM filters, over
WS and WM filters, in MAE and mse senses, increases. It is
also noted that although WS filter yields a lower variance than
the WM in the less-impulsive cases, as the impulsiveness in-
creases, the WM filter yields a higher noise attenuation than the
WS. The LCWM yields poor results, especially in the sense of
variance, since its structure is based on weighted sum combina-
tions of sub-WM filters operating on subsample sets.

2) Bandpass Filtering: The WS, WM, LCWM, and WSM
filters are also evaluated in a bandpass frequency-selective fil-
tering scenario. The quantitative filter output variances, and
and norm error measurements are tabulated in Table V for the
bandpass filtering case. Similar to the low-pass filtering case, it
can be seen from Table V that WSM yields better frequency se-
lection with less variance. In all cases, the WSM filter provides
better noise attenuation with less output variance and better fre-
quency-selection capabilities with lower MAE and mse values.

3) High-Pass Filtering: The WS, WM, LCWM, and WSM
filters are also tested in a high-pass filtering application. The
two-tone input signal with normalized frequencies 0.5 and 0.9
is utilized in this experiment. Similar to the previous cases, the
corrupted two-tone input signal is passed through high-pass WS,
WM, LCWM, and WSM filters. The quantitative filter output
variances, and norm error measurements are tabulated
in Table VI for high-pass filtering case. As in the low-pass and
bandpass filtering cases, the WSM filter provides best noise at-
tenuation and frequency selection capabilities.

4) Influence of Contamination Parameter : Note that pa-
rameter in the mixture noise determines the impulsiveness of the
distribution. When , the mixed noise is purely Gaussian,
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TABLE IV
AVERAGE VARIANCE, MAE, AND MSE RESULTS OF 50 TRIALS FOR �-CONTAMINATED MIXED GAUSSIAN AND LAPLACIAN NOISE FOR LOW-PASS FILTERING

Fig. 4. Estimated frequency responses of WS (solid), WM (dashed), and WSM
(dotted) filters. (a) Low-pass. (b) Bandpass. (c) High-pass.

and when , it is purely Laplacian. Fig. 5 shows the influ-
ence of the parameter on the WS, WM and WSM filtering per-
formances. The formulation and configuration of the low-pass
filtering case is used. As expected, in low fraction of contami-
nation cases, WS filtering provides better noise attenuation than
WM filtering, and WM filtering provides higher noise attenu-
ation than the WS filtering in high fraction of contamination
cases. The WSM filter, however, provides the most noise atten-
uation by yielding the smallest output variance in all cases. In
an error norm sense, the WS filter outperforms the WM filter
since the WM filter distorts the signal and yields a poor fre-
quency-selective operation. On the other hand, WSM filtering
combines the superior frequency-selective characteristics of the
WS with the robustness characteristics of the WM filter to yield
the most accurate results in all the cases, other than some iso-
lated low-fraction contamination cases. This is a result of the op-
timization criteria, which is the minimization of the filter output
variance, being different than the evaluation criteria.

5) Effect of Impulsiveness : Another important param-
eter of the -contaminated distribution is the impulsiveness
determined by . The higher the value, the heavier the
tails of the mixture distribution. The effect of this parameter
on the filter performances is tested. Fig. 6 shows the influence
of the mixture-distribution impulsiveness on filter
output variance, MAE, and mse values. Note that the WSM
filter provides the best performance in all senses. Also, note
that as increases, the sub-WM filter yields smaller output
variance compared to the sub-WS filter and the parameter,
hence, converges to 1. This corresponds to the case in which
WSM reduces to WM filter. This effect is also apparent in the
plots.

B. Image Processing Applications

The proposed filtering structure is also evaluated in the image
processing applications of unsharp masking [27] and denoising.

1) Unsharp Masking: In practice, image sharpening consists
of adding a scaled version of high-pass filtered image to the orig-
inal image, Fig. 7. The sharpening operation can be represented
by

(31)

where is the original pixel value at the coordinates ,
is the high-pass filter, is a tuning parameter such that

, and is the sharpened pixel at the coordinates
. The value taken by depends on the grade of sharpness

desired. Increasing yields a more sharpened image. If back-
ground noise is present, however, increasing will rapidly am-
plify the noise.
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TABLE V
AVERAGE VARIANCE, MAE, AND MSE RESULTS OF 50 TRIALS FOR �-CONTAMINATED MIXED GAUSSIAN AND LAPLACIAN NOISE FOR BANDPASS FILTERING

TABLE VI
AVERAGE VARIANCE, MAE, AND MSE RESULTS OF 50 TRIALS FOR �-CONTAMINATED MIXED GAUSSIAN AND LAPLACIAN NOISE FOR HIGH-PASS FILTERING

Fig. 5. Influence of the contamination fraction � on WS (solid), WM (dashed), and WSM (dotted) filtering performances. (a) Filter output variance. (b) MAE.
(c) mse.

Fig. 6. Influence of the impulsiveness � on WS (solid), WM (dashed), and WSM (dotted) filtering performances. (a) Filter output variance. (b) MAE. (c) mse.

The key point in the effective sharpening process lies in the
choice of the high-pass filtering operation. Traditionally, WS
filters have been used to implement the high-pass filter. How-
ever, linear techniques can lead to rapid performance degrada-
tion should the input image be corrupted with noise. To over-
come this drawback and utilize the selectivity property, WM
filters have recently been introduced into the unsharp masking

application [12], [28]. Hence, WSM filter can be utilized to pro-
vide performance improvements in environments corrupted by
contaminated statistics.2

2Although more elaborate WM sharpeners/denoisers are reported in the lit-
erature, such as the permutation WM [28] and center WM [12], we utilized the
conventional WM methods since any such extensions to WM-type methods can
be simply fused with a WS structure utilizing the convex combination technique
to obtain performance improvements in contaminated statistics.
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Fig. 7. Image sharpening by high-frequency emphasis: unsharp masking.

Fig. 8. (a: top-left) original image sharpened with (b: top-right) the WS sharp-
ener, (c: bottom-left) with the WM sharpener, and (d: bottom-right) the WSM
sharpener.

The following high-pass mask (filter kernel for laplacian op-
erator) is used for unsharp masking applications [12], [27], [29]
with (unnormalized) high-pass WS and WM filters

(32)

Thus, in the WSM formulation both sub-WS and sub-WM filter
masks are chosen to be as in (32). In Fig. 8, the performance
of the WSM filter image sharpening is compared with that of
traditional image sharpening based on WS and WM filters. The
parameter is set to 0.5 [29], 2 [12], and 1.5 for WS, WM,
and WSM sharpener cases, respectively. It is observed that WS
and WSM filters provides better sharpening than the WM in the
noise-free case.

The filters are also tested in an -contaminated noise environ-
ment. The original image corrupted by
noise with , , and is shown in
Fig. 9(a). The noisy image is sharpened using WS, WM, and
WSM filters in the unsharp masking application and the cor-
responding output images are shown in Fig. 9(b), (c), and (d),
respectively. The parameter is set to 0.25 [29], 1.75 [12], and
0.5 for WS, WM, and WSM sharpener cases, respectively. Note
that sharpening with WSM filters does not suffer from noise
amplification to the extent that sharpening with WM or WS
filters do.

2) Image Denoising: Recall that the MEM filter [6] exhibits
only smoothing characteristics and, thus, is utilized to strictly re-
move -contaminated noise from images. Also, the MEM com-
bination parameter is optimized to minimize the filter output

Fig. 9. (a: top-left) original image corrupted by �-contaminated noise sharp-
ened with (b: top-right) the WS sharpener, (c: bottom-left) with the WM sharp-
ener, and (d: bottom-right) the WSM sharpener.

asymptotic variance under the assumption that the subfilter out-
puts are independent. Let and denote the optimal
parameters for MEM and WSM filtering schemes, respectively.

It is clear that the MEM filter is a special case of the proposed
WSM structure where all observation samples are weighted
uniformly. In the following, the effectiveness of over

is shown through image denoising simulations.
In order to evaluate the performances of WSM and MEM fil-

ters in the presence of -contaminated noise, the image shown
in Fig. 10(a) is corrupted by -contaminated noise with ,

and [6], the result of which is shown in
Fig. 10(b). The corrupted images are filtered using WS, WM,
MEM (with ) and WSM (with ) schemes. The
outputs are given in Fig. 10(c)-(f) for WS, WM, MEM, and
WSM filters, respectively. The quantitative results for different
impulsiveness are given in Table VII. Comparisons of the MAE
and mse results show that the WSM filter outperforms WS, WM,
and MEM filter in all cases and that the performance gain in-
creases as the impulsiveness of the noise increases.

C. Comparison With CML Estimate

The proposed filter structure is compared to the true ML of the
-contaminated statistics to evaluate the proximity of the MEM

and WSM filters to the true ML estimate under -contaminated
statistics. The ML estimate of Gaussian-Laplacian mixture sta-
tistics referred to as CML is given in (14). Based on the CML,
the following filtering structure is formed:

(33)

where and denote the sets of samples generated from
with variance and with variance , respectively.

To illustrate and compare the performance of the filtering
structure given in (33), the single-tone signal with normalized
frequency 0.02 shown in Fig. 11 is used. The single-tone input
signal is corrupted by additive -contaminated noise with

and . The corrupted input signal (where
the plot, not the signal, is clipped for visualization purposes)
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Fig. 10. Filtering using a 3 � 3 square window results for �-contaminated
noise: (a: top-left) original Lena image, (b: top-right) corrupted image, (c:
middle-left) output of the WS filter, (d: middle-right) output of the WM filter,
(e: bottom-left) output of the MEM filter, and (f: bottom-right) output of the
WSM filter.

TABLE VII
MAE AND MSE RESULTS TRIALS FOR �-CONTAMINATED MIXED GAUSSIAN

AND LAPLACIAN NOISE FOR IMAGE DENOISING (“LENA” IMAGE IS USED)

is also shown in Fig. 11. The noisy signal is used as input to
the MEM, WSM and CML filtering structure for denoising pur-
poses. The observation samples in the WSM filter formulation
are weighted uniformly as in the MEM case. The resulting filter
outputs are given in Fig. 11. Note that CML estimate filtering
structure provides the best result with better detail preserving
and noise attenuation characteristics. The WSM filter, however,
provides better performance than MEM in the sense of detail
preservation and noise attenuation.

The time-domain plots are consistent with the quantitative
and norm comparisons given in Table VIII. Each entry in
the table reports the ensemble average of 50 trials. The quanti-
tative results agree with the time-domain plot observations. As
expected, the filtering based on the strict CML estimate yields
the best results. Also, The WSM filtering structure yields results

Fig. 11. Comparison of the true CML estimate filtering with the MEM and
WSM filtering under �-contaminated statistics. From top to bottom: single-tone
input signal, corrupted input signal, MEM, WSM, and ML filtering results,
respectively.

TABLE VIII
MAE AND MSE RESULTS TRIALS FOR �-CONTAMINATED MIXED GAUSSIAN

AND LAPLACIAN NOISE FOR SINGLE-TONE INPUT SIGNAL DENOISING

closer to the true CML estimate filtering result than the MEM
filtering structure.

V. CONCLUSION

A generalized mean-median filtering structure (WSM) admit-
ting real-valued weights is proposed. Noting that weighted sum
and weighted median filters are motivated by the ML analysis
under Gaussian and Laplacian statistics, respectively, the pro-
posed filtering structure is motivated from a ML analysis under
-contaminated statistics. The proposed filter is statistically

analyzed through the determination of filter output variance
and breakdown probability. The combination parameter is
optimized such that the filter output variance is minimized.
The breakdown probability indicates that WSM filter provides
better impulse rejection capabilities than WS and WM filters
under contaminated statistics. In addition, a spectral design
method is proposed to achieve desired filtering characteristics.
With the aid of the overall proposed design framework, the
desired frequency-selective characteristics is accomplished
through the subfilter weights design algorithm and the noise at-
tenuation is achieved by optimizing the combination parameter
such that the filter output variance is minimized. The WSM
filter is, thus, equipped both with desired frequency-selective
and noise attenuation features. The simulation results provided
for different type of frequency-selective signal processing
applications, including low-pass, bandpass, and high-pass, and
image processing applications including image sharpening and
denoising show the superiority of the proposed filter (WSM)



948 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 55, NO. 3, MARCH 2007

over FIR, WM, and MEM filters. Also, it is shown through sim-
ulations that the WSM filtering (when constrained to uniformly
distributed weights) provides results closer than MEM filtering
to the true CML estimate in MAE and mse senses.
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