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Hybrid Polynomial Filters for Gaussian and
Non-Gaussian Noise Environments
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Abstract—Traditional polynomial filtering theory, based on
linear combinations of polynomial terms, is able to approximate
important classes of nonlinear systems. The linear combination of
polynomial terms, however, yields poor performance in environ-
ments characterized by Gaussian and heavy tailed distributions.
Weighted median and weighted myriad filters, in contrast, are
well known for their outlier suppression and detail preserva-
tion properties. It is shown here that the weighted median and
weighted myriad methodologies are naturally extended to the
polynomial sample case, yielding hybrid filter structures that
exploits the higher-order statistics of the observed samples while
simultaneously being robust to outliers for both Gaussian and
heavy-tailed distributions environments. Moreover, the introduced
hybrid polynomial filter classes are well motivated by analysis
of cross and square term statistics of Gaussian and heavy-tailed
distributions. A presented asymptotic tail mass analysis shows
that polynomial terms, both under Gaussian and heavy-tailed
noise statistics, have heavier tails than the observed samples,
indicating that robust combination methods should be utilized to
avoid undue influence of outliers. Further analysis shows weighted
median processing of polynomial terms for the Gaussian noise
case, and weighted median and weighted myriad processing of
cross and square terms, respectively, for the heavy-tailed noise
case, are justified from a maximum likelihood perspective. Filters
parameter optimization procedures are also presented. Finally, the
effectiveness of hybrid filters is demonstrated through simulations
that include temporal, spectrum, and bispectrum analysis.

Index Terms—Asymptotic tail masses, hybrid filtering, ML es-
timate, polynomial filtering, weighted median filtering, weighted
myriad filtering.

I. INTRODUCTION

MANY contemporary signal processing problems are
successfully addressed with nonlinear systems. For

instance, it is well established that the solutions to detection
and estimation problems are nonlinear when simple assump-
tions, such as Gaussian environment statistics, do not hold [1],
[2]. Discrete Volterra series definition, which is amenable to
analysis and synthesis, is the representation that is particularly
utilized in nonlinear input–output characterization [3], [4].
Volterra system has its roots in Taylor series expansion of
nonlinear functions with memory [3]. Truncated Volterra series
can, in many cases, effectively represent a nonlinear system,
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which results in a simpler realization that requires limited
knowledge of higher order statistics [1], [2], [5]–[8].

Filters based on the Volterra series, and the related Wiener se-
ries [3], are referred to as polynomial filters. Polynomial filters
effectively address many applications in which linear methods
are known to be suboptimal, such as the equalization of non-
linear channels [9], [10] and nonlinearity compensation in echo
cancellation [11]. The simplified Volterra filters [12] are also
used for acoustic echo cancellation in GSM receivers [13]. It is
also known that many optical transformations are described by
the quadratic term of the Volterra series [14], which results from
the quadratic relation between the optical intensity and optical
field. Volterra filters are also effective in the active control of
nonlinear noise processes [15].

Polynomial system models are also utilized in a large number
of communications applications. Examples of such applica-
tion include modelling highly distorted reference channels
[16], nonlinear transmission amplifiers [17], and nonlinear
band-pass channels [18] in digital transmission systems. In
image processing, polynomial filters are used to address image
enhancement [19], edge extraction [20], edge enhancement
[21], and nonlinear prediction [22] problems. Volterra filtering
is also successfully applied to the enhancement of noisy images
of curves [23].

Although the order of polynomial terms in the Volterra series
extends to infinity, many practical problems are effectively ad-
dressed with second-order Volterra filters, which are restricted
to include only linear and second-order quadratic components
[1], [2], [6]–[8], [12], [24]. Indeed, second-order filters are
used to successfully address problems such as optimal signal
detection in Gaussian noise [9] and texture discrimination
[2]. Even in the restrictive second-order case, however, the
polynomial nature of Volterra filters leads to poor performance
in environments characterized by Gaussian and non-Gaussian
heavy tailed distributions. This poor performance results from
the linear combination of polynomial terms utilized in such
filters. For the Gaussian case, it is shown here that although
the observed samples are light-tailed, the polynomial terms are
heavy-tailed, resulting in cross and square term outliers and
yielding poor performance. It is also shown that, for environ-
ments characterized by heavy-tailed distributions, quadratic
terms residing in the second-order kernels of a polynomial filter
amplify the effects of present outliers. The damaging effects of
outliers are even more pronounced if the filter order is increased
beyond two.

The effect of quadratic terms on robustness is studied here
through an asymptotic tail mass analysis of second-order cross
and square terms for both Gaussian and heavy-tailed distribu-
tions. The presented analysis shows that the tail heaviness of
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samples contributing to a second-order polynomial filter are,
for both cases, well ordered, with the cross and squared terms
having heavier distribution tails than the linear terms, and the
squared terms having heavier tails than cross terms, i.e.,

, where , , and denote the density
function tail decay rates of the linear , cross ( , ),
and squared terms, respectively. The heavier tails of the
cross and squared terms for both Gaussian and heavy-tailed
cases indicate that robust methods for their sample combina-
tions should be considered to avoid undue influence of outliers.

In contrast to polynomial filters, weighted median (WM) and
weighted myriad (WMy) filters are well known for their out-
lier suppression and detail preservation properties [25]–[31]. In-
deed, WM and WMy filters are the optimal estimators of lo-
cation, in a maximum likelihood (ML) sense, of samples char-
acterized by the heavy tailed Laplacian [27], [32] and heavier
tailed Cauchy distributions [28], [31], respectively.

The WM sample selection methodology was recently ex-
tended to the polynomial sample case, yielding the class of
polynomial weighted median (PWM) filters [33]. Thus by
combining the Volterra and WM structures, PWM filters effec-
tively exploit the higher-order statistics of observed samples
while producing filter outputs that are robust to outliers in the
observation set.

The PWM filter was, however, derived under the assump-
tion that the observation samples are heavy-tailed. Thus, this
filter formulation, as expected, yields poor results in environ-
ments characterized by Gaussian distributions. Hence, a hybrid
polynomial filter, the so-called Linear-Median-Median (LMM)
filter, is presented here to overcome the drawbacks of the PWM
filter in Gaussian environments. The LMM hybrid polynomial
filter is well motivated by the presented linear, cross, and square
term asymptotic tail mass analysis under the Gaussian statistics
case. Additional presented analysis shows that weighted median
processing of polynomial terms is justified from a ML perspec-
tive. The performance of the PWM filter is also suboptimal for
environments characterized by heavy-tailed distributions. To ad-
dress this important related case, we develop a second hybrid
filter class, the so-called Median-Median-Myriad (MMMy) fil-
ters. The MMMy hybrid polynomial filter is also motivated by
the presented linear, cross, and square term asymptotic tail mass
analysis under the Laplacian statistics case. Additionally, it is
shown that weighted myriad processing of square terms is more
appropriate than the weighted median processing (which is used
by PWM filters) from a ML perspective.

The remainder of this paper is organized as follows. The sta-
tistical foundations of the presented hybrid polynomial filters
are derived and detailed in Section II. The LMM and MMMy
filter structures are defined in Section III and filter coefficient
optimization is addressed in Section IV. Section V contains sim-
ulations illustrating the advantages of hybrid filters over tra-
ditional polynomial and PWM filters. Finally, conclusions are
drawn in Section VI.

II. STATISTICAL ANALYSIS AND FILTERING

This section discusses statistical models of observed samples
under Gaussian and heavy-tailed non-Gaussian statistics and re-
lates the filtering problem to maximum likelihood (ML) esti-

mation. We begin by considering independent observed sam-
ples that follow the generalized Gaussian probability density
function (PDF), noting special cases of interest. We then ex-
amine the PDFs of samples utilized in second-order polynomial
processes for Gaussian and heavy-tailed non-Gaussian (specif-
ically Laplacian) cases, i.e., we study the PDFs and tail func-
tions of cross and square terms. This analysis, performed for
both Gaussian and heavy-tailed non-Gaussian models, demon-
strates the tail heaviness ordering of samples contributing in
second-order polynomial systems. Next, the filtering problem,
including operations on cross and square terms, is motivated
from a ML perspective for both models. The polynomial term
tail heaviness and the ML methodology form the theoretical
foundations for the hybrid polynomial filters defined in Sec-
tion III. Note that the analysis and derivations presented in this
section assume that the observed random variables are indepen-
dent. It should also be noted that, in practice, inputs may not
satisfy this condition. This assumption is imposed to make the
derivations tractable, and yields results that lend insight into the
filtering problem.

A. Generalized Gaussian, Cross and Square Term PDFs

A broad range of statistical processes can be characterized by
the generalized Gaussian PDF

(1)

where is the Gamma function, is a
constant defined as , and is the
standard deviation. In this representation, the scale of the PDF is
determined by the scale parameter , and the impulsiveness
is determined by the tail parameter . This representation
includes the standard Gaussian PDF as a special case .
For , the PDF’s tail decay slower than in the Gaussian
case, resulting in a heavy-tailed PDF. Indeed, a second special
case that is of particular interest is the Laplacian PDF, which is
realized when . The Laplacian PDF is successfully used in
the literature to model certain heavy-tailed environments [12],
[26], [31], [32].

Before considering specific PDF cases, we give the general
PDF results for cross and square terms. Accordingly, let the
independent random variables and be characterized by
PDFs and , respectively. The PDF of the cross
term, is given by

(2)

Similarly, the PDF of the square term is shown to be

(3)

B. Polynomial Term PDFs and Asymptotic Tail Masses for
the Gaussian Case

To consider the effect that the cross-product and squaring op-
erators have on the resulting PDF tails, we first restrict the anal-
ysis to the Gaussian PDF. This is a light-tailed special case of
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the generalized Gaussian PDF that occurs for , and which,
in the zero-mean case, is expressed as

(4)

where is the scale parameter. Substituting this expression
into (3) gives the PDF of the square term

(5)

where . Consider now two independent Gaussian
distributed random variables and , with scale parameters

and , respectively. The PDF of the cross term is deter-
mined through evaluation of (2), and is given by

(6)

where denotes the modified Bessel function of second
kind of order .

The different behaviors of the Gaussian and non-Gaussian
PDFs are, to a large extent, a result of their tail characteristics.
The density tail heaviness of a random variable , can be mea-
sured by its asymptotic mass: , where

denotes the tail function of the random variable
[31]. Two functions and have asymptotic simi-

larity if: . The Gaussian
PDF can be shown to have exponential order tails with asymp-
totic similarity [31]

(7)

To carry at the tail analysis of polynomial terms, we introduce
the notation for the random variables: and
to avoid confusion and denote the random variable formed as the
product of two independent random variables and the random
variable obtained by squaring a random variable, respectively.
The tail function of squared Gaussian random variable is
given by

(8)

where denotes the error function. Utilizing an asymptotic
series expansion for

(9)

yields the asymptotic tail mass of the squared Gaussian term

(10)

Consider next the cross term. Since the Bessel function in
(6) makes the cross term tail analysis intractable, we use the
asymptotic similar function for given in [34]:

Fig. 1. Asymptotic tail masses of Gaussian (solid), cross Gaussian (dashed),
and square Gaussian (dotted) distributed random varibles with � = � =

1. Shown for reference is the asymptotic tail mass function of the heavy-tailed
Laplacian density function (dash-dotted) with identical variance.

. The approximated PDF is also normalized
with a constant. The resulting tail function is given by

(11)

Similar to the previous case, we use integration by parts and an
asymptotic series expansion for , which yields the asymp-
totic tail mass of the cross Gaussian term

(12)

In the unit scale parameter case, the
asymptotic tail masses given in (7), (10), and (12) reduce to

and

respectively. The exponentials control the tail decay rates in the
preceding equations since the exponentials have the larger tail
decay rates compared to the algebraic expressions. The expo-
nential arguments, for large values, are, thus, ordered as

, where , , and denote the ar-
guments of the exponential components of the asymptotic tail
masses of , , and , respectively. The tail heaviness
ordering is then

(13)

where , , and denote the asymptotic tail mass of
, , and , respectively.

The asymptotic tail mass functions ,
, and are plotted in Fig. 1 for
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the Gaussian PDF case with . Also shown
for reference is the asymptotic tail mass of the heavy-tailed
Laplacian PDF with identical variance. As the figure shows, the
tails exhibits the expected heaviness ordering, with cross and
square terms having the largest tail masses. Also of note is that,
although the Gaussian PDF is a light-tailed PDF, the cross and
square terms of a Gaussian PDF are heavy-tail distributed with
tail masses larger than that of the heavy-tailed Laplacian PDF.
The heaviness of the tails of polynomial terms indicates that
robust methods of sample combination and output determina-
tion should be utilized to avoid undue influence of the outliers
and degradation in performance.

C. Filtering and ML Estimation of Polynomial Terms for the
Gaussian Case

Having established the heaviness of the cross and square term
density functions for Gaussian statistics, we now consider the
optimal combination of samples approached from an ML per-
spective. ML estimation of location is first reviewed for a set
of independent and identically distributed (i.i.d.) observations
samples, and the concepts are then extended to the cross and
square terms utilized in polynomial representations. The stan-
dard Gaussian PDF special case is considered first, followed by
the cross and square Gaussian PDF cases.

Consider a set of independent samples ,
each obeying a Gaussian PDF with (possibly) different vari-
ances, . In this case, the ML estimate of
the location parameter is determined by the minimization of

(14)

the solution to which is the weighted mean,

(15)

where . This is simply a normalization of the
standard FIR filter

(16)

where is the output and the terms are the FIR filter weights.
Enforcing the positivity constraint on the weights constrains the
resulting filters to be smoothers. In practice, however, this con-
straint is relaxed, enabling FIR filters to take on a wide array of
spectral characteristics.

An analogous relation between filtering and ML estimation
can be derived for cross Gaussian terms. Consider the cross
terms formed as the product of i.i.d. Gaussian samples. More-
over, take the cross terms to have a common location parameter,

, and the i.i.d. Gaussian samples to have (possibly) different
variances, i.e., , where and and are
zero-mean Gaussian distributed random variables. Note that this
model also holds for the cross product of two non-zero-mean
Gaussian samples as long as their location parameters are small
relative to the scale parameters. The ML estimate of the location
parameter under cross Gaussian statistics is given by taking a

set of i.i.d. cross terms and forming the Like-
lihood function,1

(17)

where is utilized, the constants
are eliminated, and setting . Taking the log of
(17) yields

(18)

(19)

since the contribution of is negligible in
comparison to the contribution of for small

.
The solution to the weighted absolute deviations minimiza-

tion problem is given in [35]–[37] by the weighted median of
the samples in consideration. That is

(20)

where and is the replication operator defined
as

The weight positivity constraining the filters to smoothers, and
as in the FIR filter case, can be relaxed to enable more general
filtering characteristics [26]

(21)

where when , when , and
when .

Last, consider the square terms contributing to a second-order
polynomial system. Let be a set of random
variables formed as the squares of i.i.d Gaussian samples, i.e.,

where has a Gaussian PDF with location parameter
and variance . The ML estimate of the desired parameter,

, for the square Gaussian statistics case with i.i.d.
square terms , is given by

(22)

Let
and . Note

1Although this condition implies i, j , k, and l are unique for z = x x and
z = x x , the condition is imposed to make the analysis tractable and allow
the drawing of conclusions that hold approximatively in practice.
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that , i.e, they have the same
peak point, and . Thus, .
Utilizing this approximation in the Likelihood function, elimi-
nating the constants, and taking the log yields

(23)

Note is a constant with respect to , and
can, thus, be eliminated from the minimization problem. Con-
sequently, the ML estimate of reduces to

(24)

which yields the weighted median operator

(25)

where . Finally, relaxing the positivity
constraint results in the general weighted median based pro-
cessing of square terms

(26)

Note that the Gaussian PDF case leads to a weighted sum
combination of observed samples, while the heavy-tailed cross
and square Gaussian PDFs lead to sample selection based on
rank order. Rank order based selection of the output sample
is much more robust than output methodologies based on
weighted sums. Indeed, outliers, even if infinitely valued, are
suppressed by weighted median filtering as long as the number
of outliers is sufficiently small that they are localized in the
extremes of the ordered set. Considerable analysis is available
in the literature on the detail preservation and outlier rejection
characteristics of weighted median filters [12], [26], [27], [31],
[38], [39].

D. Polynomial Term PDFs and Asymptotic Tail Masses for
the Heavy-Tailed Case

The following analysis is restricted to the heavy-tailed
Laplacian PDF to consider the effect that the cross product
and squaring operators have on the resulting PDF tails. The
Laplacian PDF is a heavy-tailed special case of the generalized
Gaussian PDF that occurs for , which, in the zero-mean
case, is expressed as

(27)

where is the scale parameter. Substituting this expression
into (3) gives the PDF of the squared term:

(28)

The PDF of the cross term formed as the product of two in-
dependent Laplacian distributed random variables and ,

with scale parameters and is determined through eval-
uation of (2), which yields

(29)

The heavy-tailed Laplacian PDF can be shown to have expo-
nential order tails with asymptotic similarity

(30)

Utilizing the notation introduced in Section II-B for the cross
and square random variables, and , the
asymptotic tail mass of squared Laplacian random variable
is given by

(31)

The asymptotic tail mass of the cross Laplacian PDF is estab-
lished by applying steps similar to the cross Gaussian density
function case (using the approximation for Bessel function and
accordingly integrating by parts and replacing asymptotic series
expansion for erf(.) function), which yields

(32)

In the unit scale parameter case , (30), (31),
and (32) reduce, respectively, to

and

Thus similarly to the light-tailed Gaussian PDF case, the ex-
ponential arguments, for large values, are ordered as

, where , , and denote the argu-
ment of the exponential of asymptotic tail mass of , ,
and , respectively. The tail heaviness ordering is then

, where , , and denote the asymp-
totic tail mass of , , and , respectively.

The asymptotic tail mass functions ,
, and are plotted in Fig. 2 for

the Laplacian density function case with .
Also shown for reference is the asymptotic tail mass of
the heavy-tailed standard Cauchy PDF:
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Fig. 2. Asymptotic tail masses of Laplacian (solid), cross Laplacian
(dashed), and square Laplacian (dotted) distributed random variables with
� = � = 1. Shown for reference is the asymptotic tail mass function of
the heavy-tailed (standard, K = 1) Cauchy density function (dashed–dotted)
(PrfX > x g � 2K=(�x )).

, where is the scale parameter ( for stan-
dard Cauchy PDF). As the figure shows, the tails exhibits
the expected heaviness ordering, with cross and square terms
having the larger tail masses. Also of note is that the tail mass
of the cross PDF is closer to the median optimal Laplacian,
whereas the square PDF tail mass is closer to that of myriad
optimal [28], [29] Cauchy PDF. The heaviness of the tails of
polynomial terms of heavy-tailed PDFs, as in the Gaussian
case, indicates that robust methods of sample combination
and output determination should be utilized to avoid undue
influence of the outliers and degradation in performance.

E. Filtering and ML Estimation of Polynomial Terms for the
Heavy-Tailed Case

The establishment of the tail heaviness of the cross and square
term PDFs for heavy-tailed Laplacian statistics is followed here
by an examination of the optimal combination of samples ap-
proached from a ML perspective. The Laplacian PDF special
case of the generalized Gaussian PDF is considered
first, followed by the cross and square Laplacian PDF cases.

Consider a set of independent , each
obeying a Laplacian PDF with (possibly) different variances,

. In this case, the ML estimate of the location
parameter is determined by minimizing [26], [31], [36], [37]

(33)

The solution to which is the weighted median,
, where . As shown

in Section II-C, the positivity constraint can be relaxed
to enable more general filtering characteristics [26],

.
An analogous relation between filtering and ML estimation

can be also derived for cross Laplacian terms. The ML esti-
mate of the location parameter under cross Laplacian statistics

is given by taking a set of i.i.d. cross terms, ,
and forming the Likelihood function

(34)

We utilize , eliminate the con-
stants, and set . Furthermore, taking the log
yields

(35)

Note that is a constant with respect to , and
can thus be eliminated from the minimization problem. Also, the
contribution of is negligible in comparison
to the contribution of , where
the term decays slowly, and can, thus, over a
fixed interval outside a neighborhood of , be approximated as
a constant. Finally, the ML estimate reduces to

(36)

Consequently, the ML estimate is given by the weighted
median operator, , where

. Relaxation of the positivity constraint
results in the general weighted median-based processing of
cross terms, .

Last, consider the square terms contributing to a second-order
polynomial system. The ML estimate of the desired parameter

for the squared Laplacian statistics case, is given by

(37)

Let
and .

Note that , i.e, they
have the same peak point, and .
Thus, . Eliminating the constants, utilizing
this approximation in the Likelihood function, noting that

(for small
deviations around ), and using basic properties of argmax
yields

(38)

The contribution of the term can be ne-
glected in comparison to the contribution of the term
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. Also,
the contribution of the is negligible with
comparison to that of the for small

. The ML estimate, thus, reduces to

(39)

The solution to the sum of logaritmic square deviations is
given in [29]–[31] as the weighted myriad (WMy) of the ob-
served samples

(40)

where , and refer to the weighting opera-
tion in (39) and the linearity parameter, respectively, [29]–[31].
As in the previous cases, the positivity constraint can be relaxed
to enable more general filtering characteristics [29]–[31]

(41)

Note that the Laplacian and cross Laplacian PDF cases lead to
a weighted median combination of samples, while the heavier-
tailed square Laplacian PDF leads to weighted myriad combi-
nation of samples. Weighted myriad filtering is motivated by the
maximum likelihood estimate of location under the well-known
Cauchy PDF, which has heavier tails than the Laplacian PDF
whose maximum likelihood estimation yields the weighted me-
dian filter. Thus, the weighted myriad filtering yields a more ro-
bust combination of samples than the weighted median filtering.
Considerable analysis is available in the literature on the robust-
ness of weighted myriad filters [12], [28]–[31].

Although the presented ML analysis relies on approximations
and assumptions that may not hold in all cases, the results do in-
dicate that the following are well founded: 1) WM processing
of Gaussian cross and square terms, and 2) WM and WMy pro-
cessing of Laplacian cross and square terms, respectively. These
results, coupled with the preceding asymptotic tail masses anal-
ysis results, motivate the hybrid polynomial filters defined in the
following section.

III. HYBRID POLYNOMIAL FILTERING

Volterra filters belong to the class of nonlinear filters. How-
ever, they have a distinct feature in that the filter output is non-
linear with respect to the input but linear in the Kernels. Con-
sequently, many results related to the analysis and design of
linear filters can be extended to the polynomial case. Also, it
can be shown that, under relatively mild conditions, polyno-
mial models are capable of approximating a large class of non-
linear systems with a finite number of coefficients [2], [4], [10],
[12]. In the following, the polynomial filter structure based on
weighted sum combinations is presented, with specific atten-
tion paid to the second-order case. The traditional polynomial
filter structure is then converted to hybrid filtering methodology,
yielding the class of hybrid polynomial filters.

A. Traditional Polynomial Filtering

Consider the class of nonlinear, shift invariant systems with
memory based on the discrete-time Volterra series [2]. The

input-output relation, in the case of a finite support, is repre-
sented by

(42)

where is the output and is defined as

(43)

with representing the input samples.
Note that the causality in this formulation can be relaxed without
conflict. Also, the the term is the usual linear
impulse response. Similarly, can be considered
the finite extend th order impulse response that characterizes
the nonlinear behavior of the filter.

In a finite order Volterra filter, the upper limit in (42) is re-
placed by the order, . Second-order terms are often sufficient
to characterize the nonlinearities in a system, and many prob-
lems are successfully addressed by second-order polynomial fil-
ters [1], [2], [6]–[8], [12], [24], [40].

Traditional polynomial filtering is based on weighted sum
combinations. To see this more clearly, the second-order poly-
nomial filter, , is written as

(44)

Note that the second term contains both cross and square terms,
and, as noted in Section II, these terms have unique distributions.
We therefore write the filter output, eliminating the redundant
terms in [1], [2], [12] and explicitly showing the de-
pendencies on the linear, cross, and square terms

(45)

where , , and are constants [40], and , , and
are the linear, cross, and square term filter coefficients, re-

spectively. This formulation clearly indicates that, although the
overall filtering operation is (polynomial) nonlinear, the filter
output is linear with respect to the filter coefficients and the ob-
servation samples, their cross terms, and squares.

B. LMM Hybrid Filtering for Gaussian Noise

Recall that in Sections II-B and II-C, it is shown that the poly-
nomial terms of Gaussian statistics exhibits large asymptotic tail
masses indicating that robust combination methods should be
utilized for the processing of cross and square terms. It is also
shown that the linear combination of the samples is ML optimal
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Fig. 3. The hybrid filtering frameworks. (a) LMM hybrid filtering for Gaussian noise case. (b) MMMy hybrid filtering for heavy-tailed noise case.

only in the Gaussian statistics case, and that the WM combina-
tions are more appropriate for the processing of the polynomial
terms, as justified from a ML perspective.

The LMM hybrid filter is therefore defined by replacing
the weighted sum operators corresponding to cross and square
terms in (45) with weighted median operators

(46)

It is clear that the LMM filter reduces to the traditional FIR filter
for and . Also, the LMM filter is
expressed more compactly as

(47)

where we utilize the notation [41]

and , and define

and

to be the first-order, cross, and square term vectors, respectively.
Similarly, the weight vectors associated with each of these com-
ponents are denoted as , , and .

C. MMMy Hybrid Filtering for Heavy-Tailed Noise

In Sections II-D and II-E, the distribution analysis of the
polynomial terms of Laplacian statistics showed that cross and
square terms exhibit large asymptotic tail masses indicating
that robust combination methods should be utilized for the
processing of cross and square terms. It is also shown that the
weighted median combination of the samples is ML optimal in
the heavy-tailed Laplacian distribution case, and that the WM
and WMy combinations are more appropriate for the processing

of the cross and square terms, respectively, as justified from a
ML perspective.

The MMMy hybrid filter is, therefore, defined by replacing
the weighted sum operators corresponding to linear and cross
terms in (45) with weighted median operators, and the ones cor-
responding to square terms in (45) with weighted myriad oper-
ators

(48)

For the and case, the MMMy filter
reduces to traditional WM filter. Also, the MMMy filter can be
compactly expressed as

(49)

where we utilize the notation .
It is simple to see that the outputs of the hybrid filters are

linear with respect to subfilters outputs

(50)

where , and and
are the subfilter outputs for LMM and

MMMy filters, respectively. The filter structures are illustrated
in Fig. 3, indicating the weighted sum processing of observed
samples and WM processing of polynomial terms in the LMM
filter case, and WM processing of observed and cross samples
and WMy processing of square terms in the MMMy filter case,
followed by a weighted sum combinations of subfilter outputs.

IV. ADAPTIVE HYBRID FILTERING

The optimal setting of LMM and MMMy filter coefficients is
addressed here. The complex natures of the hybrid filters pre-
clude closed form solutions and adaptive filtering approaches
are adopted. As in the previous presentation, we restrict the de-
velopment to the second-order case since extensions to higher-
order cases are straightforward. The adaptive approaches as-
sume that the observed process, , is statistically related to
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Fig. 4. The adaptive hybrid filtering: structure of (a) LMM hybrid filter adaptive optimization; and (b) MMMy hybrid filter adaptive optimization.

a desired process, , and that both and , or statis-
tically representative training samples, are available.

A. LMM Filter Weights Optimization

The running LMM filter output estimates the desired signal
as

(51)

where (or ) and are the weight and step indexes,
respectively. To optimize all the combination parameters, ,

, , and filter coefficient, , , , we utilize a
cyclic coordinate descent approach [42].

Consider first the optimization of the subfilter coefficients. As
robust operators, WM filters are generally optimized under the
mean absolute error (MAE) criteria

(52)

Hence we also adopt the MAE criterion to optimize the subfilter
coefficients. Note that global optimization under this criteria re-
duces to the marginal optimization of each subfilter. The opti-
mization of linear and WM filters under the MAE criteria is well
established [26], [31], [43]. Thus, the coefficients of the linear
subfilter are updated according to the sign-LMS algorithm [43]

(53)

Fig. 5. System identification block diagram.

Also, the coefficients of the WM subfilter are updated according
to the fast LMA algorithm [26]

(54)

where and denote the signed
observation, cross or squared samples. For example, in the
2, 2 case, .

Consider next the optimization of scale terms applied to each
subfilter. The optimization of scale parameters are also consid-
ered under the MAE objective given in (52), which, similarly to
the linear subfilter case, yields the sign-LMS update

(55)

where and denote the sub-
filter outputs.

B. MMMy Filter Weights Optimization

The running MMMy filter output estimates the desired signal
as in (48). Similarly to the LMM hybrid filter case, a cyclic coor-
dinate descent approach [42] is utilized to optimize all the com-
bination constants and subfilter coefficient under the MAE cri-
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Fig. 6. Single-realization MAE curves for LMM and MMMy filters with step sizes (a) � = 0:002 (top) and � = 0:004 (bottom). (b) � = 0:002 (top)
and � = 0:004 (bottom).

Fig. 7. System identification example with two-tone input. Noise-free case: (a) input and (b) (desired) second-order Volterra system; (c) LMM model, and
(d) PWM model and (e) MMMy model outputs.

teria given in (52). The WM subfilters are updated using the fast
LMA given in (54). However, the WMy subfilter weights are up-
dated using the algorithm developed in [28], [31] for weighted
myriad filters admitting real-valued weights

(56)

where [see (57) at the bottom of the next page].

Consider next the optimization of the scale terms applied to
each subfilter. The optimization of scale parameters are also
considered under the MAE objective given in (52), and which,
like the LMM filter case, yields the sign-LMS update as in (55).

Large valued errors are produced in the quadratic structure of
polynomial-based filters during optimization, which tends to de-
crease the rate of convergence [44]. Moreover, utilizing a single
step-size for first- and second-order filter kernels leads to un-
necessarily slow convergence of the second-order terms [44].
To address these issues, we utilize normalized versions of the
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Fig. 8. Spectral performance of noise-free system identification with a two-tone input: (a) time domain and (b) spectral representations of the input signal; spec-
trums of the (c) LMM, (d) PWM, and (e) MMMy system model outputs.

LMS (NLMS), LMA (NLMA) and the algorithm developed in
[28] with component-specific step sizes. Thus, the subfilter of
hybrid filters update step sizes are given by

(58)

where denotes the norm, , denote a
subfilter input vectors, and . Similarly, the update step
size for the scale terms are given by

(59)

where and denotes the vector containing the
subfilter outputs.

A block diagram of the overall LMM and MMMy hybrid fil-
ters in a optimization scheme are shown in Fig. 4(a) and (b), re-
spectively. At the outset of the optimization, the WM subfilters
are set to median filters (uniform weights), which is recognized
as a good initial weight assignment [26]. Although the nonlinear

TABLE I
AVERAGE MAE OF THE OUTPUT OF THE VOLTERRA,
LMM, PWM, AND MMMy FILTERS IN PRESENCE OF

GAUSSIAN AND HEAVY-TAILED LAPLACIAN NOISE

structures of the LMM and MMMy filters preclude a rigorous
analysis of convergence (e.g., step-size bounds), extensive ex-
periments show the procedure yields good results in practice.

V. SIMULATION RESULTS

This section includes the simulations evaluating the proposed
LMM and MMMy hybrid filters. The optimization procedures

(57)
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Fig. 9. Spectral performance of system identification where two-tone input signal is corrupted by additive (Gaussian) [Laplacian] noise with � = 2 and � = 4:
[(a), (e)] [(i), (m)] Volterra, [(b), (f)] [(j), (n)] LMM, [(c), (g)] [(k), (o)] PWM, and [(d), (h)] [(l), (p)] MMMy system model outputs, respectively.

defined previously are first addressed. Following the optimiza-
tion results are comparisons between second-order FIR Volterra
and LMM, PWM, and MMMy filters operating as predictors in a
system identification scenario. Results are compared for noise-
less and noisy environments. Noise distributions considered in-
clude Gaussian and Laplacian distributions. Performance com-
parisons are in the time domain, frequency domain and through

norm error comparisons.
The filtering and identification of nonlinear signals and sys-

tems is encountered in a wide range of applications [2], [5]–[7],
[24], [45], including data equalization and echo cancellation
in satellite communication links [46], linearization of loud-
speakers [47], and active control of nonlinear noise processes
[15]. The presented results are therefore based on the system
identification application shown in Fig. 5, where the unknown
systems is represented by a Volterra filter.

TABLE II
AVERAGE MAE OF THE OUTPUT OF THE VOLTERRA, LMM, PWM, AND

MMMy FILTERS TRAINED WITH NOISY SEQUENCES IN PRESENCE OF

GAUSSIAN AND HEAVY-TAILED LAPLACIAN NOISE
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Fig. 10. Bispectrum results: (a) desired (noise-free) polynomial system output, (b) Volterra, (c) LMM, (d) PWM, (e) MMMy system outputs for additive Gaussian
noise with � = 4, (f) Volterra, (g) LMM, (h) PWM, (i) MMMy system outputs for additive Laplacian noise with � = 4.

Consider first the case of a two-tone sinusoidal input signal
, where and are the

normalized frequencies. The system to be identified is a second-
order Volterra system with and kernel coefficients
chosen randomly. Second-order LMM and MMMy2 hybrid fil-
ters with identical memory length are optimized ac-
cording to the procedures detailed in Section IV and illustrated
in Fig. 5. The LMM and MMMy hybrid filters MAE learning
curves are plotted in Fig. 6(a) and (b) for step-sizes
and . The plots show that the hybrid filters con-
verges in all cases, with the typical step-size tradeoff, i.e., a
larger step-size leads to faster convergence but larger steady-
state error.

Having optimized the hybrid LMM and MMMy filter co-
efficients, we compare the system identification performance
resulting filters with that of the Volterra system and the polyno-
mial weighted median filter (PWM) (with optimized weights)
proposed in [33]. To evaluate the relative performance of each
method, their time domain signals are compared. Fig. 7(a)–(e)
plots the input, (desired) system output, LMM filter output,
PWM filter output, and MMMy filter outputs, respectively,
for the noiseless case. The plots show that LMM, PWM, and
MMMy outputs closely match the desired system output, albeit
with MAEs of 0.1181, 0.1444, and 0.1818, respectively, (for
the case). The increase in the MAE is due to the

2The linearity parameter is set to K ! 0, which yields the most robust per-
formance to impulses [28], [29], [31].

increase in the structural differences between the weighted-sum
polynomial system and the weighted-sum and weighted-me-
dian combination, and weighted-median and weighted-myriad
combination, of the hybrid polynomial models.

To compare the filter performances in a noisy environment,
consider the case where the input signal is corrupted by addi-
tive Gaussian and Laplacian noise processes. The quantitative

norm error measurements for these cases are tabulated in
Table I. Each entry in the table reports average MAE errors over
50 trials for Volterra, LMM, PWM and MMMy models. Note
that the LMM, PWM, and MMMy filters utilized in the sim-
ulations are those determined in the noise-free case. Utilizing
these kernels indicates the robustness of the systems to changing
statistics and, for the given cases, the robustness to outliers.
The results indicate that LMM filter outperforms both the FIR
Volterra, PWM, and MMMy filter in Gaussian noise case, es-
pecially in the high SNR cases. For the environments charac-
terized by the heavy-tailed Laplacian distribution, however, the
MMMy filter outperforms FIR Volterra, LMM, and PWM fil-
ters, especially in the low SNR cases. The PWM filter, however,
performs better than the MMMy filter in the high SNR Lapla-
cian environments, which is due to the fact that the asymptotic
tail mass of the square terms are closer to Laplacian distribution
(where ML estimate leads to WM filtering) than the Cauchy dis-
tribution (where ML estimate leads WMy filtering).

The performances of the filters optimized utilizing noisy
input sequences are also investigated. In these cases, the filters
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Fig. 11. Filter weights adaptation for a wide-band signal. Weights corresponding to observation samples [(a), (d), (g), (j)], cross terms [(b), (e), (h), (k)], and
square terms [(c), (f), (i), (l)], for the FIR Volterra, LMM, PWM, and MMMy filters.

are optimized utilizing the multitone input signal corrupted by
Gaussian or Laplacian noise. The ensemble average

norm errors are, for inputs with multiple levels of noise,
summarized in Table II. The results show that, as expected, for
the noise-free case all filter performances decrease compared
to the performances of filters optimized with clean input signal.
The results also indicate that all filter performances, especially
Volterra filter’s, increases in the noisy cases. The relative
performance increase of Volterra filter is due to the fact that

although the LMM, PWM, and MMMy filters are more robust
than Volterra filter, the Volterra filter with its weighted-sum
methodology yields a closer approximation to the system,
which is also apparent in Table II where the Volterra system
yields the smallest error in noise-free cases. Note that the filter
performance order in the Gaussian and heavy-tailed Laplacian
noise cases remains similar to the previous case where the filter
are optimized utilizing noise-free input signal, i.e, LMM filter
outperforms both the FIR Volterra, PWM, and MMMy filter



4658 IEEE TRANSACTIONS ON SIGNAL PROCESSING, VOL. 54, NO. 12, DECEMBER 2006

in Gaussian noise cases, and the MMMy filter outperforms
FIR Volterra, LMM, and PWM filters in Laplacian noise cases.
As the robustness is a critical issue addressed by the modified
Volterra filters, the systems optimized utilizing noise-free input
signals are utilized throughout the rest of the paper.

In addition to the time-domain evaluations, the frequency do-
main responses of the FIR Volterra, LMM, PWM, and MMMy
filters are compared. The input signal used is a two-tone input
signal , where the normalized frequen-
cies are increased to yield better visual presentation and are set
as: and . The two-tone input signal and
corresponding PSD are given in Fig. 8 (a) and (b), where the
standard WELCH algorithm [48] is used to estimate the spectral
components. As expected, the clean input signal spectrum con-
sists of two components at frequencies 0.1 and 0.2. This input
is passed through a second-order polynomial system, which,
in general, yields three additional frequency components [1].
However, in this example, , resulting in four fre-
quency components at the output of the system, ,

, , and .
These components are clearly visible in the system output spec-
trum, Fig. 8(c). The spectrums of the LMM, PWM, and MMMy
model outputs are shown in Fig. 8(d), (e), and (f), respectively.
As in the time domain results, the LMM, PWM, and MMMy
systems accurately model the desired system and the four ex-
pected spectral components are clearly visible.

Consider next the performances of the systems when the two-
tone input signal is corrupted by noise. Fig. 9(a)–(d) plots the
PSDs of the Volterra, LMM, PWM, MMMy model outputs for
the additive Gaussian noise case with . The plotted spec-
trums are determined from the ensemble average of 10 trials,
where the standard MUSIC algorithm [48] is used to determine
the PSDs of the stochastic output signals. The results show that
the PSD of the Volterra output is significantly distorted by the
outliers formed by the cross and square terms, as present spec-
tral components are omitted and spurious components intro-
duced. The LMM, PWM, and MMMy systems, however, are
robust to outliers, yielding PSDs that accurately represent the
four true spectral components. The LMM filter output, espe-
cially, yields the best performance with clearer spikes at the
desired frequency components. Fig. 9(e)–(h) plots the PSDs of
the Volterra, LMM, PWM, MMMy model outputs for the addi-
tive Gaussian noise case with . Similarly to the previous
case, the Volterra filter output is severely damaged by the noise,
while the LMM, PWM, and MMMy outputs are robust to out-
liers. Fig. 9(i)–(l) and (m)–(p) plots the PSDs of the Volterra,
LMM, PWM, MMMy model outputs for the additive Laplacian
noise cases with and , respectively. The LMM,
PWM, and MMMy methods model the nonlinear system accu-
rately, showing the four true spectral components in the
case. The LMM filter output, however, does not preserve the
0.4 frequency component in the case. Moreover, a spu-
rious component is introduced, this is not the case for PWM and
MMMy filter structures, which are more robust to heavy-tailed
noise and yield good results.

While instructive for evaluating the system models, the PSD
results do not completely characterize the output of the non-
linear systems. The systems are more accurately characterized

Fig. 12. Estimated filter frequency response of FIR Volterra (solid), the LMM
(dashed), the PWM (dotted), and the MMMy (dash-dotted) designed with the
algorithms given in Section IV and [33].

by considering the higher-order statistics (HOS) of the output
signal. Bispectral analysis is often used to characterize systems
possessing HOS [49]. The bispectrum of a stationary process is
defined as the two-dimensional (2-D) Fourier transform of the
process’s third-order moment sequence. Defining

to be third-order moment sequence
of the output leads to the corresponding bispectrum [2],
[49]

(60)

for . Fig. 10 shows the bispectrums for the desired
polynomial system output as well as system, LMM, PWM, and
MMMy outputs for the additive Gaussian and Laplacian noise
cases with . As in the 1-D PSD case, the LMM, PWM,
and MMMy models accurately capture the desired bispectrum
under low SNR Gaussian noisy conditions. The LMM filter,
as in the PSD case, yields the best performance. The Volterra
system, in contrast, yields a severely distorted bispectrum. In
the Laplacian noise case, the PWM and MMMy filter output
bispectrum are still robust to noise, accurately representing the
bispectrum. The MMMy filter output, especially, yields the best
performance with cleanest bispectrum. The LMM filter output,
however, suffers from noise contamination, yielding a lightly
distorted bispectrum. The Volterra system output, in this case,
is more intensely damaged, resulting in a completely deterio-
rated bispectrum.

To further evaluate the LMM and MMMy filters, we consider
their performance when a wide-band signal is used as the input.
Spectrum and bispectrum evaluations are performed to deter-
mine if the robust LMM and MMMy filters are able to cap-
ture/represent the spectral characteristics of an appropriately de-
signed FIR Volterra filter.

To compare the spectrum and bispectrum performances of the
filters, a FIR Volterra filter with is utilized, where all
the subfilters are designed (using MATLAB’s fir1 command) as
high-pass filters with normalized cut-off frequencies 0.5. The
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Fig. 13. Estimated bifrequency response of (a) FIR Volterra filter (desired), (b) LMM, (c) PWM, and (d) MMMy filters.

normalized FIR Volterra filter kernel coefficients are given in
Fig. 11(a)–(c). Note that the filter weights are the same for obser-
vation samples and their square terms since the window lengths
are identical. In this example, 10000 normally distributed, zero-
mean, unit variance random numbers are used as input to the
fixed coefficient high-pass FIR Volterra filter, while the LMM,
PWM, and MMMy filter weights are updated using the opti-
mization algorithms detailed in Section IV under the system
identification configuration given in Fig. 5. The resulting LMM,
PWM and MMMy subfilter weights are normalized3 for com-
parison purposes and plotted in Fig. 11(d)–(l). It is noted that
the LMM subfilter weights match to the weights of the Volterra
filter with the desired spectral response. It is shown in [26], [31]
that similar weights for linear and median filters yield similar
output spectrums. The PWM subfilter coefficients also match
the desired filter weights, but with worse performance than the
LMM filter. Finally, the MMMy filter coefficients, although are
able to approximate the linear and cross subfilter cases, produce
slightly worse weight values for the squared observation sam-
ples, although the resulting filter still has high-pass characteris-
tics. Finally, the random samples are passed through the filters

3Multiplication of the weights by a constant does not change the WM filter
output value [31].

with the coefficients given in Fig. 11, and the spectra of the out-
puts are calculated using WELCH algorithm [48].

The experiment is repeated 50 times to obtain an ensemble av-
erage. The results of which are shown in Fig. 12. An inspection
of the results reveals that the spectral behaviors of the compared
filters are similar. The LMM, PWM and MMMy filter struc-
tures, however, does not attenuate the low frequencies as much
as the FIR Volterra filter. Also, note that the deviation from the
desired frequency response is directly linked to the filters de-
viation from a weighted sum output formulation methodology,
i.e., the LMM filter output spectra is closer to the FIR Volterra
output spectra than the PWM filter output spectra and PWM
filter output spectra is closer to the FIR Volterra output spectra
than the MMMy output spectra.

The bispectrum results for the high-pass subfilters case are
given in Fig. 13. As in the 1-D PSD case, the LMM, PWM
and MMMy filters accurately model the desired bispectra. The
low-frequency attenuation characteristics for the model LMM,
PWM, and MMMy filters show results similar to the 1-D PSD
case, i.e, the LMM filter output bispectra is closer to the FIR
Volterra output bispectra than the PWM filter output bi-spectra
and PWM filter output bispectra is closer to the FIR Volterra
output bispectra than the MMMy output bispectra. This example
further illustrates the fact that LMM, PWM, and MMMy filters
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accurately model nonlinear systems, including their HOS char-
acteristics. Additionally, the introduced LMM and MMMy fil-
ters are robust to outliers and produce ML optimal outputs for
Gaussian and Laplacian environment cases, respectively.

VI. CONCLUDING REMARKS

The higher-order statistics, including the probability density
function of cross and squared terms, asymptotic tail masses and
the tail heaviness order, are analyzed for both Gaussian and
heavy-tailed Laplacian distributions. The ML estimate under the
higher-order statistics of Gaussian and Laplacian distributions
are evaluated and used to motivate novel LMM and MMMy hy-
brid polynomial filters. Optimizations are defined for each filter
structure and the proposed filter structures are tested with sim-
ulations and compared with the conventional FIR Volterra and
PWM filtering, in time, frequency and bispectrum domains. The
evaluations of the proposed LMM and MMMy hybrid poly-
nomial algorithms, show the advantages of the new structures
over the traditional polynomial filtering and PWM filtering. Al-
though, the results indicate the utility of the proposed filter struc-
tures, the validity of ML approximations utilized in the deriva-
tions deserves extensive study and is subject of future research.
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