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Meridian Filtering for Robust Signal Processing
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Abstract—A broad range of statistical processes is charac-
terized by the generalized Gaussian statistics. For instance, the
Gaussian and Laplacian probability density functions are special
cases of generalized Gaussian statistics. Moreover, the linear
and median filtering structures are statistically related to the
maximum likelihood estimates of location under Gaussian and
Laplacian statistics, respectively. In this paper, we investigate the
well-established statistical relationship between Gaussian and
Cauchy distributions, showing that the random variable formed
as the ratio of two independent Gaussian distributed random
variables is Cauchy distributed. We also note that the Cauchy
distribution is a member of the generalized Cauchy distribution
family. Recently proposed myriad filtering is based on the max-
imum likelihood estimate of location under Cauchy statistics. An
analogous relationship is formed here for the Laplacian statistics,
as the ratio of Laplacian statistics yields the distribution referred
here to as the Meridian. Interestingly, the Meridian distribution is
also a member of the generalized Cauchy family. The maximum
likelihood estimate under the obtained statistics is analyzed.
Motivated by the maximum likelihood estimate under meridian
statistics, meridian filtering is proposed. The analysis presented
here indicates that the proposed filtering structure exhibits char-
acteristics more robust than that of median and myriad filtering
structures. The statistical and deterministic properties essential
to signal processing applications of the meridian filter are given.
The meridian filtering structure is extended to admit real-valued
weights utilizing the sign coupling approach. Finally, simulations
are performed to evaluate and compare the proposed meridian
filtering structure performance to those of linear, median, and
myriad filtering.

Index Terms—Generalized Cauchy distribution (GCD), gen-
eralized Gaussian distribution (GGD), heavy-tails, impulsive
noise, maximum likelihood estimation, ratio distributions, robust
filtering.

I. INTRODUCTION

THE CLASS OF maximum likelihood type estimators
( -estimators) of location, which were developed in the

theory of robust statistics [1], has been of fundamental impor-
tance in the development of robust signal processing techniques
[2]. Robust nonlinear estimators are critical for applications in-
volving impulsive processes (e.g., radar clutter, ocean acoustic
noise, and multiple access interference in wireless system
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communications), where heavy-tailed non-Gaussian distri-
butions model the underlying signals [3]–[6]. Given a set of
observations (input samples) , an -estimate of their
common location is given by

(1)

where is the cost function of the -estimators. Max-
imum likelihood location estimates form a special case of

-estimators, with the observations being independent and
identically distributed and , where is
the common density function of the samples. The weighted
mean (linear), weighted myriad, and weighted median filter
families are well-derived from maximum likelihood location
estimator under Gaussian, Cauchy, and Laplacian statistics,
respectfully, [7]–[9]. The cost functions to minimize, in these
cases, are given by , , where

is the linearity parameter [8], [9] and for mean,
myriad, and median estimators, respectively.

In this paper, we note that the Gaussian and Laplacian distri-
butions are special cases of the generalized Gaussian distribu-
tions (GGD) family corresponding to the and , re-
spectively, where is the tail parameter. Then, we focus on the
well-established statistical relation between the Gaussian and
Cauchy distributions, indicating that the ratio of two indepen-
dent Gaussian random variables is Cauchy distributed. We note
that the Cauchy distribution is a special case of the generalized
Cauchy distributions (GCD) family corresponding to ,
where is the tail parameter. An analogous statistical relation-
ship is constructed here for the Laplacian distribution, where
the distribution function of the random variable formed as the
ratio of two independent Laplacian distributed random variables
is derived. Interestingly, it is shown that the obtained statistics,
referred to as the Meridian distribution, is also a member of
the GCD with . Hence, a connection between the GGD
and GCD families is formed. The maximum likelihood estimate
under the new statistics is analyzed, where the cost function, in
this case, is given by

(2)

with controlling the robustness of the meridian estimator.1

The fact that the meridian estimator is likelihood-based guar-
antees that the estimate is (at least asymptotically) unbiased,
consistent, and efficient in Meridian statistics. Properties and
robustness of the meridian estimator are analyzed. Specifically,
an influence function study shows that the meridian estimator
exhibits desirable features. Derived properties also show that

1The “meridian” nomenclature is adopted since meridian means peak and the
obtained density function is peaky.
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the meridian estimator provides characteristics desired in robust
signal processing applications.

From a statistical signal processing point of view, plain loca-
tion -estimators, i.e., those using i.i.d., observation samples,
do not adequately capture the true statistical relationship among
samples of a typical input signal. A more appropriate estimator
formulation is obtained by considering samples that are inde-
pendent but not identically distributed. In particular, we consider
those with common location , but varying scale factors [7]–[9].
Using this approach, meridian estimators are generalized to in-
clude non-negative cost function weights. Properties derived for
unweighted estimator are extended to the weighted case. Also,
utilizing the sign coupling approach [8], the weighted meridian
filter is extended to admit real-valued weights.

The remainder of this paper is organized as follows. Optimal
filtering is approached from a maximum likelihood perspective
in Section II. Utilizing the fact that Gaussian and Laplacian
distributions are special cases of generalized Gaussian distri-
bution, the statistical relationship between the Gaussian and
Cauchy distributions is determined and the maximum like-
lihood analysis under Cauchy statistics is given. Noting that
Cauchy distribution is a special case of the GCD, an analo-
gous relationship for the Laplacian distribution is constructed.
This leads to the Meridian distribution and form a connection
between GGD and GCD. Section III presents the maximum
likelihood analysis under Meridian statistics, along with the
statistical and robustness analysis of the corresponding cost
function. The meridian estimator is also generalized to admit
non-negative weights. In Section IV, the meridian filter is
generalized to admit real-valued weights. Simulations evalu-
ating and comparing the performance of the proposed meridian
filtering structure to those of linear, median, and myriad filters
are given in Section V. Finally, concluding remarks and some
discussions about the future works are given in Section VI.

II. STATISTICAL PROCESSES, MAXIMUM LIKELIHOOD

ESTIMATION, AND FILTERING

This section discusses statistical models of observed samples
obeying generalized Gaussian statistics and relates the filtering
problem to maximum likelihood (ML) estimation. Specifically,
the Gaussian and heavy-tailed Laplacian cases, corresponding
to and , respectively, where is the tail parameter,
are considered. Subsequently, we note the statistical relation be-
tween the Gaussian and Cauchy distributions, where the latter
correspond to the special case under generalized Cauchy
statistics, and is the tail parameter. In particular, we note that
the Cauchy distributed random variable can be formed as the
ratio of two independent Gaussian distributed random variables.
Statistical models of observed samples under Cauchy statistics
are discussed and the filtering problem under such statistics is
related to ML estimation. An analogous relationship for Lapla-
cian statistics is formed here and, surprisingly, another distribu-
tion from GCD family is obtained, i.e., the distribution
of the random variable formed as the ratio of two independent
Laplacian distributed random variables is derived. The filtering
problem under the obtained statistics is then approached from
an ML perspective.

A. Generalized Gaussian Distribution and Filtering

A broad range of statistical processes can be characterized by
the generalized Gaussian probability density function (PDF)

(3)

where is the Gamma function, is a
constant defined as , and is the
standard deviation. In this representation, the scale of the PDF is
determined by the scale parameter , and the impulsiveness
is determined by the tail parameter . This representation
includes the standard Gaussian PDF as a special case .
For , the PDF’s tail decays slower than in the Gaussian
case, resulting in a heavier-tailed PDF. Indeed, a second special
case that is of particular interest is the Laplacian PDF, which is
realized when .

Consider the problem of estimating the constant amplitude
signal from the samples of noisy ob-
servation data . Let

(4)

where the terms are independent and identically distributed
zero-mean noise. The ML estimate of is given by

(5)

In the following, the ML estimate of location under Gaussian
and Laplacian statistics are briefly reviewed. Since the results
corresponding to these cases are well-known [1], [7], [8], the
proofs are not given.

Theorem 1: Consider a set of independent samples
each obeying the Gaussian distribution with

variance . The ML estimate of location is given by

(6)
This is a mean filter structure , where
denotes the filter output. The ML estimate of location can

be generalized to admit weights to enable flexible filtering
characteristics.

Theorem 2: Consider a set of independent samples
each obeying the Gaussian distribution with

(possibly) different variances . The ML estimate of location
is given by

(7)

where .
This is a normalized linear filter structure ,

where the ’s are the filter weights. Enforcing the positivity
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constraint on the weights constrains the resulting filters to be
smoothers. In practice, however, this constraint is relaxed, en-
abling FIR filters to take on a wide array of spectral character-
istics. Note that the tails of the Laplacian distribution
is heavier than that of the Gaussian distribution . The
location estimation under heavier-tailed Laplacian statistics is
considered next.

Theorem 3: Consider a set of independent samples
each obeying the Laplacian distribution with

variance . The ML estimate of location is given by

(8)

This is a median filter structure , where
denotes the filter output. Similar to the mean filtering, median

filtering can also be generalized to admit weights.
Theorem 4: Consider a set of independent samples

each obeying Laplacian distribution with (pos-
sibly) different variances . The ML estimate of location is
given by

(9)

where and is the replication operator defined
as

The weight positivity constraining the filters to smoothers
can, as in the FIR filter case, be relaxed to enable more gen-
eral filtering characteristics [8]

(10)

where if , , if and
, if .

Considerable analysis is available in the literature on the
detail preservation and outliers rejection characteristics of
weighted median (WM) filters [7], [8], [10]–[12].

B. Generalized Cauchy Distribution and Filtering

The generalized Cauchy distribution was first proposed
by Rider in 1957 [13] and “rediscovered” under a different
parametrization by Miller and Thomas in 1972 [14]. The GCD
is used in several studies of impulsive radio noise [5], [14],
[15]. The generalized Cauchy PDF is given by

(11)

with

(12)

In this representation, is the scale parameter and is the tail
constant. This representation includes the standard Cauchy PDF
as a special case . For , the PDF’s tail decays

slower than in the Cauchy case, resulting in a heavier-tailed
PDF. In the following, the well-established statistical relation
between Gaussian and Cauchy distributions is discussed [16].
Also, the recently proposed myriad filtering structure [6], [9],
[17], which is based on the Cauchy distribution, is presented.

Proposition 1: The RV formed as the ratio of two indepen-
dent zero-mean Gaussian distributed RVs and , with vari-
ances and , respectively, is Cauchy distributed (general-
ized Cauchy distribution with ) with .

Weighted myriad filters have recently been proposed as a
class of robust, nonlinear filters based on the Cauchy distribu-
tion. They have been used in robust communications and image
processing applications [6], [9], [18]. These filters have been
derived as extensions of the sample myriad, defined as the ML
estimate of location for the Cauchy distribution [9], [17], [18].

Remark 1: It should be noted that the original authors derived
the myriad filter starting from -stable distributions [3]. They
noted that there is only two closed-form expression for -stable
distributions, and corresponding to Gaussian and
Cauchy distributions, respectively. This original development
[6], [9], [17], [18] did not mention or utilize the statistical rela-
tion between Gaussian and Cauchy distributions.

Theorem 5: Consider a set of independent samples
each obeying the Cauchy distribution with

common parameter . The ML estimate of location, or sample
myriad, is given by

(13)
where is the linearity parameter [18].

Note that, unlike the mean or median, the definition of the
myriad involves the free-tunable parameter . Interestingly, the
myriad includes the mean as a limiting case of

[18]. As in the previous cases, the sample myriad
is generalized to admit weights [9].

Theorem 6: Consider a set of independent samples
each obeying the Cauchy distribution with

(possibly) varying scale factors [6], [9]. The ML
estimate of location, or weighted myriad is given, in this case,
by

(14)

where denotes the weighting operation in the minimization
problem.

As in the previous cases, the weight positivity constraint re-
stricting the filters to be smoothers can be relaxed to enable more
general filtering characteristics [6], [9]

(15)

Next, a relationship similar to that between the Gaussian and
Cauchy statistics is constructed here for the Laplacian case. That
is, the distribution of the RV formed as the ratio of two indepen-
dent Laplacian RVs is considered.
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Fig. 1. Cauchy (solid line) and Meridian (dotted line) probability density functions. Also shown is the plot zoomed into the tail information.

Proposition 2: The RV formed as the ratio of two indepen-
dent zero-mean Laplacian distributed RVs and , with scale
parameters and , respectively, is a member of the GCD
family, with and , and is referred to as the
meridian distribution.

Proof: Let be the RV formed as the ratio of two RVs
and : . The PDF of the RV , , is given by
[16]

(16)

where is the joint PDF of and . In the case where
and are independent, (16) reduces to

(17)

where and denote the PDF of and , re-
spectively. Solving (17) for RVs and with Laplacian
PDFs and

, gives

(18)

Performing some manipulations and setting yields

(19)

A careful inspection of the observed distribution shows that
belongs to the GCD family, corresponding specifically to

the case. We refer to as the Meridian distribution.

The standard Cauchy and Meridian PDFs are plotted in Fig. 1,
where . Fig. 1(a) shows the PDFs, whereas Fig. 1(b)
zooms in to show the tail weight. It can be seen that the Meridian
distribution has a peaky shape, unlike the Cauchy distribution,

Fig. 2. Determined relationships between generalized Gaussian and general-
ized Cauchy distributions. g(�) denotes the ratio operation of two RVs.

which has a bell shape. Also, as expected, the meridian PDF
exhibits tails heavier than that of the Cauchy PDF.

Remark 2: It is very interesting to note that the ratio of two
generalized Gaussian distributions, with , yields the GCD,
with . Also, the ratio of two generalized Gaussian distri-
butions, with , yields the GCD, with .2 The deter-
mined connections between generalized Gaussian and Cauchy
distribution families are shown in Fig. 2, where ,
and denote the ratio operation of two RVs, the general-
ized Gaussian PDF, and generalized Cauchy PDF, respectively.

III. MERIDIAN AND WEIGHTED MERIDIAN FILTERING

In this section, location estimation from observed samples
under Meridian statistics is considered and the filtering problem
is related to ML estimation in an analogous fashion to the pre-
vious Gaussian, Laplacian, and Cauchy cases. Given the tail
weight of the considered distribution, Meridian filtering is pro-
posed for robust signal processing. Following determination of
meridian filtering, several properties critical to signal processing
applications are given. The meridian filtering is then extended
to weighted meridian filtering.

Theorem 7: Consider a set of independent samples
each obeying the Meridian distribution with

2The generalization of this statistical relation for any k remains an open
problem.
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Fig. 3. Sketch of a typical meridian objective function. Input samples are x =
[4:9; 0:0;6:5; 10:0;9:5;1:7; 1] and � = 1.

common scale parameter . The ML estimate of location, , or
sample meridian, is given by

(20)
where is referred to as the medianity parameter.

Proof: The ML estimate is formulated as
. Replacing the Meridian distribu-

tion for each sample yields

(21)

Utilizing basic properties of the argmax function and noting that
maximizing the fraction is equivalent to minimizing the denom-
inator, (21) reduces to

(22)

(23)

Taking the natural log of (23) yields the final result.
The performance of the meridian filtering is directly related

to the objective function that arises naturally from the PDF.
The following proposition presents several key properties of the
meridian objective function. The properties described in the fol-
lowing are illustrated by Fig. 3, which illustrates the objective
function that results from a set of observed samples in the
window size of case.

Proposition 3: Let denote the order statistics [19]
of the input vector , with the smallest and the largest.
Also, define

(24)

and
(25)

The following statements hold.

1) ( is strictly increasing) for , and
( is strictly decreasing) for .

2) All local extrema of lie within the range of input
samples, .

3) The objective function has a finite number of local
minima [input samples].

4) The meridian is one of the local minima of , i.e.,
one of the input samples.
Proof:

1) Differentiating yields

(26)

Note that . This also implies
that for . Thus,

reduces to

(27)

The desired result follows by noting that
. Similarly,

. In this case, reduces
to

(28)

which gives the desired result.
2) From 1), we see that if or

. That is, the local extremas of , lie in the range
of the input samples.

3) Let for any .
The objective function is rewritten as

(29)
Taking the natural log of (29) yields

(30)
Differentiating (30) with respect to twice yields the first
and second derivative of given by

(31)

and

(32)

respectively. Note that for
for any indicating that

is concave in intervals for
any . Since are critical
points of the objective function [note that is
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not differentiable for ] and is concave in
for any , the

values, hence the values, are the only
possible local minimas of the objective function .

4) Since is the global minimum of , and from 1)–3), it
follows that the global minimum must occur at one of its
local minima, i.e., one of the input samples. This completes
the proof of the proposition.

The meridian estimator output is hence the input sample that
yields the smallest function value. The selective nature of
the meridian estimator, shared with the median estimator, facil-
itates the filter output computation which is formulated as

(33)

(34)

Since the sample meridian is optimal for the heavy-tailed
Meridian distribution, we should intuitively expect the estimator
to be robust in the presence of impulsive noise. In addition to its
rich set of properties, we show that the sample meridian and de-
rived filtering methods, satisfy important optimality conditions
under various impulsive noise models, including the Laplacian.

Note that, unlike the sample mean and median, the definition
of sample meridian involves the free-tunable parameter , which
is similar in function to the sample myriad parameter . This
parameter plays a fundamental role in the theory of meridian
filters, and is the topic of study in the following subsection.

A. Medianity Parameter

The behavior of the meridian estimator is markedly depen-
dent on the value of its medianity parameter . We show that
for large values of , the sample meridian is equivalent to the
sample median, whereas for small , the estimator acquires the
form of the sample mode. That is, in the latter case, the output
is equal to one of the most repeated values.

Property 1: (Median Property) Given a set of samples
, the sample meridian converges to the sample

median as . This is

(35)

Proof: Using the basic properties of the function,
the estimator can be expressed as

(36)

(37)

(38)

(39)

Since

(40)

it follows that

(41)

This concludes the proof, since (41) corresponds to the objective
function of the sample median estimator.

Plainly, an infinite value of converts the meridian into the
sample median. This behavior explains the choice of medianity
for the name of the parameter. It is important to emphasize that
the family of meridian estimators subsumes the sample median
as a limiting case. This simple fact makes the meridian filter
class inherently more efficient than (or at least equally effi-
cient to) median filters over all noise distribution, including the
Laplacian.

As the meridian moves, in function, away from the median re-
gion (large values of ) to lower medianity values, the estimator
becomes more robust to the presence of impulsive noise. In the
limit, when tends to zero, the meridian acquires its maximum
resistance to impulsive noise. As shown below, this estimator
treats every observation as a possible outlier, assigning more
credibility to the most repeated values in the sample set. This
“mode-type” characteristic leads to the mode-meridian name as-
signed to this estimator.

Property 2: (Mode Property) Given a set of samples
, the sample meridian converges to a

mode-type estimator as . This is

(42)

where is the set of most repeated values.
Proof: Since is a positive constant, the definition of the

sample meridian can be reformulated as

(43)

where

(44)

When is very small, it is easy to check that

(45)

where is the number of times the value is repeated in
the sample set, and denotes the asymptotic order as . In
the limit, the exponent must be minimized in order
to minimize . Therefore, the mode-meridian is one of the
most repeated values in the sample. Now, let .
Then for , expanding the product in (44) gives

(46)
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Since the first term in (46) is , the second term is
negligible for small , and can be calcu-
lated as

(47)

(48)

(49)

This property is also shared by the myriad estimator, as the
myriad estimator also converges to a mode-type estimator for

[18].

B. Robustness of the Sample Meridian

Since the sample meridian belongs to the class of -esti-
mators [1], many robust statistics tools are available for eval-
uating its robustness [1], [20]. M-estimators, also called gen-
eralized ML estimators, are formulated by (1) where is
an arbitrary objective function to be designed. Assuming that

exists, the -estimator is obtained by
solving

(50)

where is proportional to the influence function. The influ-
ence function of an estimator determines the effect of contami-
nation on the estimator.

To further characterize M-estimates, it is useful to list the
desirable features of a robust influence function [1], [20].

• B-robustness: An estimator is B-robust if the supremum of
the absolute value of the influence function is finite.

• Rejection Point: The rejection point, defined as the distance
from the center of the influence function to the point where
the influence function becomes negligible, should be finite.
Rejection point measures whether the estimator rejects out-
liers and, if so, at what distance.

The influence function for the sample mean, median, and
myriad can be shown to be , , and

, respectively. The influence function of
the sample meridian is discussed in the following.

Proposition 4: The influence function of the meridian esti-
mator is given by

(51)

Proof: Note that for the sample
meridian case. The influence function is simply obtained
by differentiating with respect to .

The influence functions for the sample mean, median, myriad,
and meridian are depicted in Fig. 4. Since the influence func-
tion of the mean is unbounded, a gross error in the observations
leads to severe distortion in the estimate. The mean is clearly not
B-robust and its rejection point is infinite. On the other hand, a
similar gross error has a limited effect on the median estimate.
While the median is B-robust, its rejection point, like the mean,
is not finite. Thus, the median estimate is always affected by

Fig. 4. Influence functions for (solid:) the sample mean, (dashed:) the sample
median, (dotted:) the sample myriad, and (dash-dotted:) the sample meridian.

outliers. The myriad estimate is clearly B-robust and the effect
of the errors decreases as the error increases. The meridian es-
timate is also B-robust, and in addition, the rejection point is
smaller than that of myriad as it has a higher influence function
decay rate. This indicates that the meridian is more robust than
the myriad.

In addition to desirable influence function features, the
meridian possesses the followings properties important in
signal processing applications.

Property 3: (Outlier Rejection) Let . Then

(52)

Proof: The result can be shown as follows:

(53)

(54)

(55)

(56)

Evaluating the limit yields

(57)

(58)

which concludes the proof.
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According to Property 3, large errors are efficiently elimi-
nated by a meridian estimator with a finite medianity parameter.
Note that this is not the case for the median estimate in which
large positive or negative errors can always shift the value of the
smoother. In robust statistics, M-estimators satisfying the out-
lier rejection property are called redescending. It can be proven
that a necessary and sufficient condition for an M-estimator to be
redescending is that . Note that this
condition holds for meridian and myriad estimators, whereas it
does not for the mean and median.

Property 4: (No undershoot/overshoot) The output of the
meridian estimator is always bounded by

(59)

where and .
The proof follows directly from the proposition 3 and thus is

omitted for brevity.
The shift and sign invariance property is essential in showing

the unbiasedness of the meridian filtering. These properties
are discussed next, following which the unbiasedness of the
meridian filter is shown.

Property 5: (Shift and sign invariance) Let . Then,
for any , it follows that:

1) ;
2) .

The proofs are trivial from the definition of the meridian.
Property 6: (Unbiasedness) Given a set of samples

that are independent and symmetrically dis-
tributed around the symmetry center , is
also symmetrically distributed around . In particular, if
exists, then .

Proof: If is symmetric around , then has the
same distribution as . Thus, has the same
distribution as , which ac-
cording to Property 5, is equal to . It
follows that is symmetric around .

C. Weighted Meridian Filtering

The sample meridian can be generalized to the weighted
meridian smoother by assigning nonnegative weights to the
input samples (observations), where the weights can be inter-
preted as reflecting the varying levels of sample “reliability.”
To this end, the observations are assumed to be drawn from
independent Meridian random variables that are not identically
distributed.

It is important to realize that the location estimation
problem being considered here is intimately related to the
problem of filtering a time-series using a sliding
window. The output , at time , can be interpreted
as an estimate of location based on the input samples

.
Further, the aforementioned model of independent but not
identically distributed samples can capture the temporal rela-
tionships usually present among the input samples. To see this,
note that the output , as an estimate of location, typically
relies more on (give more weight to) the sample , com-
pared with samples that are further away in time. By assigning
varying scale factors in modeling the input samples, leading
to different weights, their varying reliabilities or temporal
locations can be effectively accounted for.

For a given nominal scale factor , the underlying random
variables are assumed to be independent and Meridian dis-
tributed with a common location parameter , but varying scale
factors , where

(60)

A larger value for the weight (smaller scale ) makes the dis-
tribution of more concentrated around , thus increasing the
reliability of the sample . Note that the special case when all
the weights are equal to unity corresponds to the sample myriad
at the nominal scale factor, with all the scale factors reducing
to . The weighted meridian smoother output can now
be defined as the value that maximizes the likelihood function

.
Theorem 8: Given a set of independent samples

, each obeying the Meridian distribution with
(possibly) varying scale parameters , the ML estimate
of location, or weighted meridian, is given by

(61)

where denotes the weighting operation in the minimization
problem.

Proof: Replacing the meridian distribution in the likeli-
hood function and performing manipulations yield

(62)

(63)

Taking the natural and utilizing basic properties of
gives

(64)

(65)

(66)

which completes the proof.
The properties given for the meridian estimator can be easily

extended to the weighted meridian estimator case. Similar to the
unweighted case, for large values of , the weighted meridian
is equivalent to the weighted median, whereas for small , the
estimator acquires the form of a weighted mode.

Property 7: (Median Property) Given a set of samples
, and weights , the weighted

meridian converges to the weighted median as . This
is

(67)
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Following the steps of the proof for the unweighted version, one
can easily see that (67) holds.

The previous property provides a fundamental link between
meridian and median filters. Accordingly, a weighted median
filter with positive weights, can be seen as a meridian filter
with the same weights and . Conversely, when tends to
zero, the weighted meridian becomes what we will call weighted
mode-meridian. Weighted mode-meridian filters maintain the
same mode-like behavior of the unweighted mode-meridian, as
stated in the following.

Property 8: (Mode Property) Given a set of samples
, and positive weights , the

weighted meridian is equal to one of the most repeated values
in the sample set as . Furthermore

(68)

where is the set of most repeated values and is the number
of times a member of is repeated in the sample set.

Proof: Similar steps of the proof of unweighted version, it
is straightforward that for small values of

(69)

Dividing by gives the desired result.
Let us define the following:

(70)

From (70), we see that is small if is large (which
means that is emphasized) or if is small
(which happens when many of the are close to ). Since

has to be the smallest over the set for the filter output
to be , it is clearly seen that the filter favors input samples
(having significant weights) that are clustered together.

Large errors are efficiently eliminated by the weighted
meridian estimate with a finite medianity parameter and
positive finite weights. In addition, as in the meridian case,
weighted meridian estimate is also bounded by and .
The following discuss these properties.

Property 9: (Outlier Rejection) Let and let denote
a vector of positive and finite weights. Then

(71)

Following the steps for the unweighted meridian case, one can
easily obtain the desired result.

Property 10: (No undershoot/overshoot) The output of the
weighted meridian estimator with positive and finite weights,

, is always bracketed by

(72)

where and .

TABLE I
M-ESTIMATOR AND M-SMOOTHER (WEIGHTED M-ESTIMATOR) OBJECTIVE

FUNCTIONS AND OUTPUTS FOR VARIOUS FILTER FAMILIES

The proof follows straight from the unweighted case, and thus
is omitted here.

The shift and sign invariance, and unbiasedness properties
of the meridian estimator is extended to the weighted meridian
case. Since the proofs are straightforward extensions of the
meridian estimate, they are omitted.

Property 11: Shift and Sign Invariance. Let .
Then, for any and weight vector , it follows that:

1) ;
2) .
Property 12: (Unbiasedness) Given a set of samples

that are independent and symmetrically dis-
tributed around the symmetry center , is
also symmetrically distributed around . In particular, if
exists, then .

Table I summarizes the M-estimators and M-smoothers for
existing and proposed filter families discussed in the paper. The
rows number (one, two) and (five, six) of the table corresponds
to the generalized Gaussian statistics cases occurring for
and . The objective function related to independent (not
identical) Gaussian statistics motivates (weighted)
mean filtering, whereas the objective function related to inde-
pendent (not identical) Laplacian statistics motivates
(weighted) median filtering. Note that the RV formed as the
ratio of two independent Gaussian distributed RVs is Cauchy
distributed, where the Cauchy distribution is a special case of
the generalized Cauchy distribution for . The rows num-
bered three and seven correspond to this case, where the ML
estimate under independent (not identical) Cauchy statistics
motivates the (weighted) myriad filtering. In this paper, it is
also shown that the RV formed as the ration of two indepen-
dent Laplacian distribution is also a member of generalized
Cauchy distribution family for . This distribution is
referred to as Meridian distribution. The ML estimate under
(possibly varying variances) Meridian statistics is determined,
motivating the (weighted) meridian filtering. The row numbers
four and eight consider these cases. The (weighted) meridian
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filtering structure hence completes the missing link of the
estimator/smoother quadruplet which is now composed of:
(weighted) mean, (weighted) median, (weighted) myriad, and
(weighted) meridian.

IV. MERIDIAN FILTERS ADMITTING REAL-VALUED WEIGHTS

Considered first is the sign coupling approach that allows to
introduce real-valued weights to median- and myriad-type fil-
ters. The weighted meridian structure is then generalized into
meridian filters admitting real-valued weights.

Prior to extending the general class of M-smoothers, it is in-
structive to examine the special cases of the weighted mean, me-
dian, and myriad smoothers. Referring to Table I, the output of
a weighted mean smoother, with input vector and a weight
vector of non-negative weights, is given by

(73)

Notice from Table I that minimizes the objective function
. When the weights are allowed to be both

positive and negative , a natural extension of (73)
is given by [8]

(74)

which is the weighted mean filter. Note that the normalization
factor in (74) is the sum of the absolute weight values. We can
rewrite (73) as [6], [8]

(75)

Thus, the sign of the weight is uncoupled from its magnitude
and attached to the corresponding input sample. Comparing (75)
with (73), we can rewrite (75) as [6]

(76)

where and . The
weighted mean filter can, therefore, be thought of as a weighted
mean smoother that applies the non-negative weights
to the modified set of samples . Referring to the objec-
tive function for the weighted mean smoother in Table I, we
can infer that the weighted mean filter output minimizes the
objective function . This operation
is referred to as sign coupling [6], [8].

Following the previous approach, the weighted median and
myriad smoothers were recently extended to a class of weighted
median and myriad filters with real-valued weights [8], [9].
Thus, referring to Table I, and by analogy to (75), the outputs
of weighted median and myriad filters admitting real-valued
weights are written as [6], [8]

(77)

and [6], [9]

(78)

Utilizing the sign coupling approach in a fashion similar to
the mean, median and myriad filter cases, the weighted meridian
smoother is generalized to the class of weighted meridian fil-
ters admitting real-valued weights. The output of the weighted
meridian filter thus minimizes the following objective function:

(79)

Since the weighted meridian filter allows for positive as well as
negative weights, it overcomes the limitations of the weighted
meridian smoother to the extent that it can accomplish a wide
range of frequency-selective filtering operations, including
bandpass and highpass filtering.

V. APPLICATIONS OF MERIDIAN FILTERS

The proposed meridian filtering is tested and evaluated
through simulations. Addressed first is the baseband communi-
cation problem in channels corrupted with impulsive noise. The
meridian filter is then utilized in a powerline communication
application. The weighted meridian filter is finally evaluated
in a frequency-selective application, the highpass filtering of a
multitone signal. In each case, the proposed meridian filtering
structure is compared to the linear, myriad and median filtering
structures. The linearity and the medianity parameter of the
myriad and meridian filters are set to unity throughout the sim-
ulations since unity linearity parameter is shown to be effective
in varying tail heaviness conditions [9], i.e., .

Recall that the meridian operator derives its optimality from
the algebraic-tailed GCD for , a distribution referred to
as the Meridian. Thus, in such environments, the meridian is
the optimal estimator. Experiments validating this expected
result have been carried out, but are not presented due to their
expectation nature and space constraints. Rather, results are
presented for the commonly utilized -stable density family,
which is also algebraic-tailed. This provides a fairer com-
parison and illustrates the performance of the meridian filter
operating on a widely used heavy-tailed distribution, but one
that shares only tail order with the Meridian. The -stable RVs,
like Gaussian RVs, are very appealing for the modelling of
real-life phenomena because they constitute the only variables
that can be described as the superposition of many small inde-
pendent and identically distributed (i.i.d.) effects [3]. The class
of symmetric -stable distributions is usually described by its
characteristic function

(80)

The parameter , which is commonly called the dispersion, is a
positive constant related to the scale of the distribution and
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Fig. 5. Baseband communication model: s(t) denotes the combined impulse
response of the transmitter and the channel, and �s(t) is corrupted by additive
white noise n(t).

is the scale parameter of the distribution. In order for (80) to de-
fine a characteristic function, the values of must be restricted
to the interval (0,2]. Importantly, determines the impulsive-
ness, or tail heaviness, of the distribution, where smaller values
of indicate increased levels of impulsiveness. The limit
case corresponds to the zero-mean Gaussian distribution with
variance . All other values of correspond to impulsive dis-
tributions with infinite variance and algebraic tail behavior [3].
Indeed, -stable RVs are successfully utilized to model impul-
sive environments across a wide array of applications [3]–[6],
[8], [9], [12], [21], [22].

A. Baseband Communications

Consider the baseband communication model given in Fig. 5
[23]. Suppose that (real) is to be communicated over the
channel. Denoted as is the combined impulse response
of the transmitter and channel, and take the pulse to be
corrupted by additive white Meridian noise. The received pulse
is then given by [23]

(81)

which after sampling at rate corresponds to the sequence

(82)

Taking the common case assumption that only for
, the communications goal is to estimate using the sam-

ples . Note that for a fixed , is meridian
distributed centered around the . By the whiteness as-
sumption, the random variables are indepen-
dent with identical meridian distributions. This implies that the
ML estimate for is given by

(83)

Taking the natural log of (83) and rewriting the sum yields

(84)

from which it can be seen that the ML estimate is the weighted
meridian of normalized received signal values, where pulse
shape determines the weights. Thus, we define the matched
meridian filter

(85)

TABLE II
MATCHED LINEAR, MEDIAN, MYRIAD, AND MERIDIAN FILTERS

OUTPUT MAES AND MSES

that is matched to the pulse shape , , as the value
minimizing (84).
To evaluate and compare the matched meridian filter to

its linear, median [23], and myriad [15] counterparts, 10 000
Gaussian distributed parame-
ters are generated, sent through the baseband communication
channel, sampled with , and filtered with matched
linear, median, myriad, and meridian filters to obtain the esti-
mates . The corrupting channel
noise is -stable distributed with . The pulse carrying
the symbol is taken to be rectangular. The mean absolute and
squared errors of the matched filter outputs are tabulated in
Table II. It is clear from the results that the matched meridian
filter provides the best performance under both the mean ab-
solute (MAE) and mean squared error (MSE) criterions. The
performance improvement provided by the matched meridian
filter especially stands out in the MSE case since this criteria is
sensitive to outliers.

B. Powerline Communications

In recent years, the use of existing power lines for transmit-
ting data and voice has been receiving interest [24]–[27]. The
advantages of power line communications (PLCs) are obvious
due to the ubiquity of power lines and power outlets. The po-
tential of power lines to deliver broadband services, such as fast
internet access, telephone, fax services, and home networking
is emerging in new communications industry technology. How-
ever, there remains considerable challenges for PLCs, such as
communications channels that are hampered by the presence of
large amplitude noise superimposed on top of traditional white
Gaussian noise. The overall interference is appropriately mod-
eled as an algebraic tailed process, with -stable often
chosen as the parent distribution [24].

The performance of the meridian estimator is evaluated
and compared to that of mean, median, and myriad esti-
mators in a PLC problem. Consider a set of voltage levels,

unknown at the receiver.3 A signal ran-
domly composed of these voltage levels, shown in Fig. 6(a),
is transmitted through a power line. The observed signal is
given in Fig. 6(b), where the noise is -stable distributed with

. The observed powerline signal is processed with
mean, median, myriad, and meridian estimators, each utilizing
window length , the results of which are given in
Fig. 6(c)–(f), respectively. As shown in the figure, the mean
and median are vulnerable to impulsive noise. The myriad,
on the other hand, provides better impulse suppression, albeit
with a higher output fluctuation than the median. The figure
also shows that the meridian provides the best impulsive noise
suppression and the smallest output fluctuation.

3In the case where the signal alphabet is known at the receiver, the linear,
median, myriad, and meridian estimators are readily extended to detectors.
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Fig. 6. Powerline communications signal enhancement: (a) transmitted signal; (b) observed signal corrupted by � = 0:5 noise output of the; (c) mean; (d) median;
(e) myriad; and (f) meridian estimators.

C. Highpass Filtering of a Multitone Signal

As a final example, consider the problem of preserving a
high-frequency tone while removing all low-frequency terms.
Fig. 7(a) depicts a two-tone signal with normalized frequencies
0.02 and 0.4 Hz. The signal is 1000 samples long, although a
cropped version of the original signal {0,200} is shown for pre-
sentation purposes. Fig. 7(b) shows the multitone signal filtered
by a 40-tap linear FIR filter designed by the MATLAB fir1 com-
mand with a normalized cutoff frequency of 0.3 Hz. The myriad
and median filter weights are optimized in this case utilizing the
adaptive methods detailed in [8] and [9].4 Noting that the me-
dian filter is a limiting case of the meridian filter, the meridian
filter weights are set equal to those of the median. The clean
multitone input signal is then corrupted by additive stable noise
with , Fig. 7(c). The noisy multi-tone signal is processed
by the FIR, median, myriad and meridian filters with the results
given in Fig. 7(d), (e), (f), and (g), respectively. Similarly to the
previous cases, the meridian filter preserves the primary signal
detail and yields the most robust performance.

D. Comparison to Median Filtering

In a final example, the meridian filtering is compared to its
limiting case, median filtering, in varying -stable environments
where . The performance of the meridian estimator

4The clean multitone signal and the desired high-frequency signal is utilized
as the input and desired signals, respectively. For more detail see [8] and [9].

is evaluated and compared to that of median estimators in a PLC
problem as defined in Section V-B for varying values (see
Fig. 8). The results show that the meridian estimator outper-
forms the median estimator for low values. The performances
of the meridian and median estimators, as expected converge to-
gether as tends to two.

VI. CONCLUDING REMARKS AND FUTURE WORK

It is noted here that the Gaussian and Cauchy distributions
are statistically related. An analogous statistical relation is
constructed here for the Laplacian distribution yielding the
Meridian distribution. Noting that the Gaussian and Laplacian
distributions are special cases of generalized Gaussian distri-
butions family with and , respectively, a similar
relation is brought to light here as the Cauchy and Meridian
distributions are, indeed, special cases of generalized Cauchy
distributions family with and , respectively. Thus,
connections between the generalized Gaussian and Cauchy
distributions are constructed. Noting that the linear, myriad,
and median filters are statistically related to the maximum
likelihood estimate under Gaussian, Cauchy and Laplacian
statistics, a novel meridian filtering structure is proposed based
on the maximum likelihood estimate under Meridian statistics.
The objective function of the meridian filter is statistically an-
alyzed. The robustness of the meridian filter is shown through
evaluation of the influence function. Several properties of the
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Fig. 7. High frequency-selection filtering in impulsive noise: (a) clean two-tone input signal; (b) (desired) highpass component of the input signal (processed with
lowpass FIR filter); (c) two-tone signal corrupted with stable noise (� = 0:4), noisy two-tone input signal processed with; (d) linear; (e) median; (f) myriad; and
(g) meridian filters.

Fig. 8. Powerline communications signal enhancement in varying�-stable en-
vironments with N = 9.

meridian filter essential to signal processing applications are
given. The meridian filter is also extended to admit positive
weights utilizing the maximum likelihood estimate under (pos-
sibly) varying Meridian statistics. The meridian filter is then ex-
tended to admit real-valued weights utilizing the sign coupling

approach. The effectiveness of the proposed filter is demon-
strated through simulations including matched filtering, pow-
erline signal enhancement, and frequency-selective filtering in
varying stable noisy environments. The statistical analysis,
properties of the meridian filter and simulation results indicate
that the meridian filter is a very promising filter structure that
can effectively remove the impulsive noise and preserve the
signal detail. Although the meridian estimator shows promise
for processing of signals embedded in very impulsive noise, the
appropriate filter, e.g., median, myriad, or meridian, with appro-
priate tuning parameters, depends on the application at hand.
Current work focuses on the optimal weight and robustness pa-
rameter design utilizing stochastic gradient approaches.
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