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Abstract

Recent results in compressed sensing show that a sparse or compressible signal can be reconstructed

from a few incoherent measurements. Since noise is always present in practical data acquisition systems,

sensing and reconstruction methods are developed assuming a Gaussian (light-tailed) model for the cor-

rupting noise. However, when the underlying signal and/or the measurements are corrupted by impulsive

noise, commonly employed linear sampling operators, coupled with current reconstruction algorithms,

fail to recover a close approximation of the signal. In this paper we propose robust methods for sampling

and reconstructing sparse signals in the presence of impulsive noise.

To solve the problem of impulsive noise embedded in the underlying signal prior the measurement

process, we propose a robust nonlinear measurement operator based on the weighed myriad estimator.

In addition, we introduce a geometric optimization problem based on L1 minimization employing a

Lorentzian norm constraint on the residual error to recover sparse signals from noisy measurements. Anal-

ysis of the proposed methods show that in impulsive environments when the noise posses infinite variance

we have a finite reconstruction error and furthermore these methods yield successful reconstruction of the

desired signal. Simulations demonstrate that the proposed methods significantly outperform commonly

employed compressed sensing sampling and reconstruction techniques in impulsive environments, while

providing comparable performance in less demanding, light-tailed environments.
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I. INTRODUCTION

Compressed sensing (CS) is a recently introduced novel framework that goes against the traditional

data acquisition paradigm. CS demonstrates that a sparse, or compressible, signal can be acquired using

a low rate acquisition process that projects the signal onto a small set of vectors incoherent with the

sparsity basis [1]–[4]. The fundamental CS premise is that certain classes of signals, such as natural

images, have a concise representation in terms of a sparsity inducing basis where most of the coefficients

are zero or small, and only few are significant. A signal is sampled taking a few linear measurements

and subsequently recovered using an optimization formulation that determines the sparsest representation

consistent with the measurements. One of the most attractive features of CS is that random vectors and

randomly selected vectors from orthonormal matrices are incoherent with any sparsity-inducing basis,

with high probability [1], [3], [5]–[7], therefore allowing easy construction of sensing matrices.

A. Prior Work

Since noise is always present in real data acquisition systems, a range of different algorithms and meth-

ods have been developed that enable approximate reconstruction of sparse signals from noisy compressive

measurements [8]–[22]. The reconstruction quality for such compressible signals is proportional to that

of the signal’s optimal sparse approximation and the magnitude of the noise. Noise aware algorithms

follow three basic approaches: geometric-based algorithms [8]–[10], [12], [13], greedy algorithms [14],

[17], [22], or complexity based algorithms [11], [18], [21]. Most such algorithms provide bounds for the

L2 reconstruction error based on the assumption that the corrupting noise is bounded, Gaussian, or, at a

minimum, has finite variance.

Noise contributions to the overall system can be separated into two models: observation noise and

sampling noise [23]. Consider first the case of observation noise. Observation noise is any perturba-

tion introduced to the underlying signal prior to the sampling process, e.g., channel noise effects in

communications or salt and pepper noise in images. The (additive) model of the signal in this case is:

x = x0 +w, (1)

where x0 ∈ R
n is the original signal and w is the additive noise.

Sampling noise, in contrast, introduces perturbations to the measurements in conjunction with the

sampling process, i.e.,

y = y0(x) + z (2)
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where y0(x) ∈ R
m, m < n, is the vector of samples, or measurements of x, and z is the corrupting

noise, e.g., quantization noise or sensor noise. If we consider linear measurements as in the traditional

CS literature, then, in the noiseless case, y = Φx0, where Φ is the measurement matrix and, for a noisy

signal,

y = Φx = Φx0 + r (3)

with r = Φw. When w is Gaussian, r is also Gaussian yielding (1) and (2) similar; therefore, they can

be approached by the same methods and use linear measurements and Gaussian-derived reconstruction

algorithms. However, when the signal is corrupted by gross errors or heavy-tailed impulsive noise, linear

measurements are severely degraded, with original signal information masked by large amplitude samples

spread throughout the measurements as a result of the linear sampling process. This introduction of large

valued corrupting samples, and their spreading across measurements, causes traditional reconstruction

algorithms to fail in their attempts to recover a fair approximation of the underlying signal.

Another tenet of traditional reconstruction algorithms that fails in demanding environments is the

assumption that the sampling noise has finite variance. If a corrupting process has infinite, or even very

large, variance, the allowable, and likely resulting, reconstructions will be far from the desired original

signal. Recent works have begun to address the reconstruction of sparse signals from measurements

corrupted by outliers, e.g due to missing data in the measurement process; or in the context of channel

coding, due to transmission problems [24]–[26]. Popilka et. al proposed a reconstruction algorithm based

on the sparsity of the measurement error pattern to estimate first the error, and then estimate the true

signal, in an iterative process [26]. A similar approach is followed by Candès et. al, but in the context

of error correction coding, where the number of measurements (codeword length) is larger than the

dimension of the signal (original sequence) [24], [25] and the codeword is assumed to be corrupted by

gross outliers. A drawback of this approach is that the reconstruction relies on the error sparsity to first

estimate the error, but if the sparsity condition is not met, the performance of the algorithm degrades, or

many iterations may be required to yield a fair estimate.

Notably, there exists a broad spectrum of applications where practice has shown non-Gaussian, heavy-

tailed processes emerge. Examples of such applications are: wireless communications, teletraffic, hy-

drology, geology, atmospheric noise, economics and image and video processing (see [27], [28] and the

references therein). Thus, the motivation is clear for developing robust CS techniques that address these

challenging environments.
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B. Main Contributions

The contributions of this paper are the development of: 1) robust information operators, Im : R
n →

R
m, that sample m pieces of information from x in the presence of observation noise and 2) robust

reconstruction algorithms, An : R
m → R

n, that render approximate reconstructions of original sparse

signals from small sets of measurements, when (possibly) heavy-tailed noise is introduced in the sampling

process. It is well known that nonlinear methods, derived from heavy-tailed distributions, overcome the

limitations of traditional linear signal processing methods in the presence of such signals [27], [28].

We approach the problem of impulsive observation and sampling noise from a statistical point of view

and propose methods based on robust statistics [29], specifically methods derived from the Generalized

Cauchy distribution (GCD) family [30]–[35]. For the case of impulsive observation noise we propose

a more robust nonlinear measurement operator, based on the weighed myriad estimators family [27].

The myriad measurement offers robustness in impulsive environments, thereby decreasing the effect of

impulsive noise while, at the same time, allowing the use of standard reconstruction algorithms derived

for linear measurements. To recover sparse signals from impulsive noise introduced in the measurement

process, we propose a geometric approach based on robust estimation theory. The proposed non-convex

program seeks a solution that minimizes the L1 norm subject to a nonlinear constraint based on the

Lorentzian norm, thereby defining a feasible set that diminish the effect of gross errors and consequently

performing a denoising effect.

C. Paper Organization

The organization of the paper is as follows: In Section II we present a brief review of CS and sparse

reconstruction methods noting their limitations in impulsive environments, and a review of GCD robust

estimation methods. In Section III we present the problem in which the observation noise is impulsive. The

so called myriad measurements are defined and their properties are discussed along with the approach’s

capabilities as a measurement method for CS. In Section IV a robust reconstruction algorithm is proposed

and its performance is analyzed. Numerical results for the proposed methods are presented for a variety

of impulsive models in Section V. Finally, we conclude in Section VI with closing thoughts and future

directions.

II. BACKGROUND AND MOTIVATION

This section gives a brief review of the CS problem and, geometric and greedy reconstruction ap-

proaches. Next we present an analysis of current Least Squares (LS) based methods noting their limitations
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in the presence of impulsive noise. Explanatory examples are presented also for both impulsive observation

and sampling noise. Finally, we conclude this section with an overview of GCD based estimation methods.

A. Compressed Sensing Review

Let x ∈ R
n be a signal that is either s-sparse or compressible in some orthogonal basis Ψ. The signal

is s-sparse if only s of its coefficients are nonzero, where s� n. The signal is compressible if its ordered

set of coefficients decay rapidly and x can be well-approximated by just the first s coefficients. Thus

x = ΨT θ, where θ ∈ R
n is the vector of coefficients.

Let {φi}m
i=1 be a set of measurements vectors that are incoherent with the sparsity basis. Incoherence

indicates that none of the vectors {φi}m
i=1 have a sparse or compressible representation in the original

sparsity basis Ψ [5]. The signal x is measured by taking projections on to the set {φi}m
i=1. The mea-

surement process is a linear map Φ : R
n → R

m, where m < n, and y = Φx is the vector containing

all the measurements. If we set Ξ = ΦΨT , then the measurement vector becomes y = Ξθ. For example,

the vectors {φi}m
i=1 can be random vectors with independent entries or vectors randomly chosen from an

orthogonal basis. In the following we assume, without loss of generality, that Ψ = I, the canonical basis

for R
n, yielding x = θ.

The ideal recovery of x from the measurements y is achieved by the following problem

min
x∈Rn

‖x‖0 subject to Φx = y, (4)

which finds the sparsest vector x consistent with the measurements. The problem in (4) is combinatorial

and almost surely intractable; however, it can be relaxed into a convex problem if the measurement matrix

Φ satisfies certain conditions [24], which are described below. The convex relaxation is

min
x∈Rn

‖x‖1 subject to Φx = y, (5)

which can be solved by linear programming techniques. The optimization problem in (5) is known as

basis pursuit and was previously used to find sparse representations on over complete dictionaries [9].

We focus on the results of [24], which shows that if x is s-sparse, and Φ obeys a restricted isometry

property (RIP), then the solution of (5) is also the solution of (4). Letting Φ be a sensing matrix with

normalized columns, in the L2 sense, and T be a subset of indices of {1, . . . , n}, the definition of the

restricted isometry constants is as follows.

Definition 1 For every integer 1 ≤ q ≤ n let define δq as the q-restricted isometry constant of Φ as the
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smallest positive quantity such that

(1 − δq)‖v‖2
2 ≤ ‖Φv‖2

2 ≤ (1 + δq)‖v‖2
2 (6)

for all subsets T of cardinality at most q and vectors v supported on T .

If δq ∈ [0, 1), a RIP requires that every set of columns with cardinality less than q approximately behaves

like an orthonormal system. It is shown in [36] that if δ2s <
√

2 − 1 the solution of (5) recovers any

sparse signal with support size of at most s. It is also shown that random matrices with Gaussian or sub-

Gaussian entries have restricted isometry constants in the interval [0, 1) with high probability provided

that m = O(s log(n)) [6].

In a more realistic scenario the measurements are corrupted with noise and can be modeled as y = Φx+

r, where r is additive zero-mean white noise. In the presence of noise, variations of the aforementioned

strategies have been shown to reliably approximate the signal, assuming that certain a priori information

is known about the signal or the noise process. The results not only apply for strictly s-sparse signals

but also to compressible signals.

Basis Pursuit with L2 constraint relaxes the requirement that the reconstructed signal explain exactly

the measurements [12], [36]. The reconstruction solves the optimization problem

min
x∈Rn

‖x‖1 subject to ‖y − Φx‖2 ≤ ε, (7)

for some small ε > 0. In [36] it is shown that if ‖r‖2 ≤ ε and if δ2s <
√

2 − 1, then the reconstructed

signal x̂ is guaranteed to obey

‖x− x̂‖2 ≤ Cε, (8)

where the constant C depends on δ2s. The Lasso [8] and Basis Pursuit Denoising [9] are two alternative

formulations of the problem in (7). The Dantzig Selector is a similar convex program for statistical

estimation proposed in [13] that uses an L∞ constraint instead of L2, reconstruction error also depends

on the noise variance.

Other approaches used to find a sparse solution employ greedy algorithms that iteratively construct

a sparse approximation to the signal. Such algorithms include Matching Pursuit (MP) [37], Orthogonal

Matching Pursuit (OMP) [14] and their derivations [17], [22]. Matching Pursuit is a greedy algorithm that

iteratively incorporates in the reconstructed signal the component from the measurement set that explains

the largest portion of the residual from the previous iteration. Orthogonal Matching Pursuit additionally

orthogonalizes the residual against all measurement vectors selected in previous iterations. The number
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of measurements required for OMP is also O(s log(n)) for Gaussian measurement matrices [14]. The

algorithm stops when the residual reaches a magnitude below a set threshold. The conditions for proper

termination involve knowledge of the signal sparsity or the noise variance to achieve the desired denoising

effect [15].

B. Impulsive Noise in CS

Recall that the noise contributions can be separated into two models: observation noise and sampling

noise. In the following, we make an analysis of traditional sampling operators based on linear projections

and traditional reconstruction algorithms based on LS methods in impulsive environments. We use the

oracle estimator to derive the best performance that can be achieved with LS derived methods when no

prior information about the distribution of the original signal is known. See for example [12], [13] for

similar analysis. The oracle estimator is called the ideal estimator because the support of x0 (the set of

positions of the s non zero coefficients of x0, Ω ⊂ {1, . . . , n}) is known in advance. Using this prior

information and assuming Gaussian distributed errors, we can construct an estimator by using the least

squares projection on to the subspace spanned by the columns of Φ with indices in Ω.

Lets consider first the case when we have observation noise x = x0 +w and take w to be a vector of

i.i.d. random variables. Define each sample as

yi =

n
∑

j=1

φijxj, i = 1, . . . ,m.

Then the sampling operator becomes y = Φx0 + z where z = Φw. If w is a Gaussian process then

z is also Gaussian and all the methods described in II-A recover a fair approximation of x0 provided

E(w2
j ) is small, and the transformation Φ is stable so E(z2

i ) is small also. If the noise w is not Gaussian

and, furthermore it is an impulsive process, linear measurements are severely affected because the large

amplitude of the noise components spread throughout every measurement. In the presence of gross errors

all the reconstruction algorithms mentioned above fail because the variance of all zi is very large or not

finite. A common example of this phenomena in image processing is salt and pepper noise. The mean

square error (MSE) of the oracle estimator in this case is

E‖x∗ − x0‖2
2 = E(w2

1)‖(ΦT
ΩΦΩ)−1ΦT

ΩΦ‖2
F (9)

where ‖ · ‖F is the Frobenius norm of a matrix and E(w2
1) is the common second moment for all wi’s.

Since the support of the signal is known by the oracle estimator, its MSE is the lowest reconstruction
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Fig. 1. Example of a signal corrupted by a single outlier. (a) Linear projections in the noiseless case. (b) Linear projections when
the signal is corrupted with a single impulse. (c) Original sparse signal. (d) Reconstructed sparse signal from linear projections
using BP with L2 constraint.

error that can be achieved by all methods described above (LS based without prior knowledge about the

signal). Given the finite variance constraint, we can see that linear projections are not the best sampling

operators to use when the underlying signal is corrupted by impulsive noise. Consider the example in

Fig. 1, which employs a signal sparse in a Hadamard basis of dimension n = 1024. The sparsity level

is s = 8 and the signal is measured through 256 linear projections with a Gaussian matrix. In Fig. 1 (a)

we show the linear projections y in the noiseless case; the reconstruction from these samples is shown in

Fig. 1 (c). Now we add a single outlier to the original signal of amplitude δ = 103. The position of the

outlier is randomly chosen. In Fig. 1 (b) the linear projections for the signal corrupted with the impulse

are shown; the reconstructed signal from these projections is shown in Fig. 1 (d). Here BP and BP with

L2 constraint were used as the reconstruction algorithms for the noiseless case and the corrupted case

respectively. The reconstruction SNR for the noiseless case is 229.5 dB and for the corrupted case is

−25.7 dB. As can be seen in Fig. 1 (b) the large amplitude of the outlier spreads through all the samples

thus making almost impossible for BP with L2 constraint to recover the original signal.

Consider now the sampling noise case, y = Φx+z. Suppose we have an oracle estimator, then a lower
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Fig. 2. Example of measurements corrupted by a single outlier. (a) Linear projections in the noiseless case. (b) Linear projections
corrupted with one impulse. (c) Original sparse signal. (d) Reconstructed sparse signal using BP with L2 constraint.

bound for the MSE is given by

E‖x∗ − x0‖2
2 = E(z2

1)Tr{(ΦT
ΩΦΩ)−1} ≥ sE(z2

1)

1 + δs
(10)

where δs is the restricted isometry constant of ΦΩ and E(z2
1) is the common second moment for

all zi’s. This estimator’s reconstruction error depends on E(z2
1) since LS regression is derived from

Gaussian assumptions. When the noise is Gaussian or otherwise has bounded variance, the expected

error is also finite and the oracle estimator can yield an approximate reconstruction. Traditional CS

reconstruction algorithms reviewed in II-A (without prior information about the signal) are based on

LS methods (Gaussian noise assumption) and thus have the oracle estimator as a theoretical bound

and, importantly, depend on the finite variance assumption. In the case of impulsive heavy-tailed noise

corrupted measurements, the variance may be very large or even infinite, thereby leading to a large

reconstruction error even for this ideal estimator. Fig. 2 shows an example of a sparse signal sensed by

128 linear projections with a Gaussian measurement matrix. The measurements are corrupted by a single

outlier of amplitude 50. In Fig. 2 (a) we show the uncorrupted samples and in Fig. 2 (b) the corrupted

samples. The reconstruction from the uncorrupted samples is shown in Fig. 2 (c) and Fig. 2 (d) shows
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the reconstruction from the corrupted samples. As in the last example, BP was used for the noiseless case

and BP with L2 constraint was used for the corrupted case. The reconstruction SNR for the noiseless

case is 193.1 dB and −5.7 dB for the corrupted case.

C. GCD Based Robust Estimation

Since LS based methods does not achieve good performance in impulsive environments, we make use

of robust statistics to find more appropriate methods to address the problem of impulsive noise in CS.

Specifically, we utilize methods derived from the algebraic-tailed Generalized Cauchy distribution (GCD)

family [30]–[35]. The PDF of the GCD is given by

f(x) = aσ(σp + |x|p)−2/p

with a = pΓ(2/p)/2(Γ(1/p))2 . In this representation, σ is the scale parameter and p is the tail constant.

In [35] the maximum likelihood (ML) estimate of location for GCD samples and the properties of

the resulting operator, referred to as the M-GC estimator, as a robust estimator are derived. Maximum

likelihood type estimators (M-estimators) were developed in theory of robust statistics and are described

by a cost function ρ(x) posing an optimization problem [29]. Since the M-GC estimator is the ML

estimator for the GCD family, thus it belongs to the class of M-estimators. The cost function associated

with this estimator is ρ(x) = log{σp + |x|p}. The M-GC estimator can be extended to accept real-valued

weights yielding the following formulation.

Definition 2 Let x = [x1, . . . , xn] be a vector of observations and h = [h1, . . . , hn] a vector of real

valued weights. The weighted M-GC estimate of location is defined as by

θ̂ = arg min
θ

[ n
∑

i=1

log{σp + |hi||sgn(hi)xi − θ|p}
]

. (11)

One remark is that the M-GC is a special case of the weighted M-GC estimator when all weights

are set to 1. The special p = 1 and p = 2 cases yield the meridian [34] and myriad [31] estimators

respectively. These estimators provide a robust means for measuring correlation between two vectors.

As the weighted myriad estimator is utilized in the subsequent development, we employ the common

notation for this as:

θ̂ = myriad(σ, |hi| ◦ sgn(hi)xi)|ni=1 (12)

where ◦ denotes the weighting operation for the myriad estimator [27]. The weighted myriad estimator

is employed in Section III as a robust information operator.
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Importantly, weighted M-GC estimators converge to weighted Lp estimators as σ → ∞. The proof

follows very similar to the proof of the median property of the weighted meridian estimator (property 1

in [34]), by simply replacing |xi| by |xi|p and δ by σp, and is omitted for brevity. In particular, when

p = 2 we have the weighted myriad estimator, which is optimal for the standard Cauchy distribution. We

adopt the common notation for this estimator and set σ = K in (12). K is referred to as the linearity

parameter because of the following property [27], [31].

Property 1 Given a vector of input samples x = [x1, . . . , xn] and a weight vector h = [h1, . . . , hn], the

weighted myriad estimate of location converges to a normalized linear combination as K → ∞, i.e.,

lim
K→∞

θ̂ =

∑n
i=1 hixi

∑n
i=1 |hi|

. (13)

Note that the cost function of M-GC can be extended to define a quasi-norm over R
m and a semimetric

for the same space.

Definition 3 Let u ∈ R
m, then the LLp norm of u is defined as

‖u‖LLp,σ =
m

∑

i=1

log

{

1 +
|ui|p
σp

}

, σ > 0. (14)

The LLp norm is not a norm in the strict sense, since it does not meet the positive homogeneity

and subadditivity properties. However, it follows the positive definiteness property and a scale invariant

property.

Proposition 1 For all c ∈ R, u ∈ R
m, and p, σ > 0 the following statements hold

1) ‖u‖LLp,σ ≥ 0, with ‖u‖LLp,σ = 0 if and only if u = 0.

2) ‖cu‖LLp,σ = ‖u‖LLp,σ/|c|.

Proof: Statement 1 follows from the fact that log(1+a) ≥ 0 for all a ≥ 0, with equality if and only

if a = 0. Statement 2 follows from

m
∑

i=1

log

{

1 +
|cui|p
σp

}

=

m
∑

i=1

log

{

1 +
|ui|p

(σ/|c|)p

}

.

The LLp norm defines a robust metric that does not penalize heavily large deviations, with the

robustness depending on the scale parameter σ. The following Lemma constructs a relationship between

the Lp norms and the LLp norms.
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Lemma 1 For every u ∈ R
m, 0 < p ≤ 2 and σ > 0 the following relations hold:

σp‖u‖LLp,σ ≤ ‖u‖p
p ≤ σpm(e‖u‖LLp,σ − 1). (15)

Proof: The first inequality comes from the known relation log(1 + x) ≤ x for all x ≥ 0. Set

xi = |ui|p/σp and sum over i and the result follows. The second inequality follows from

‖u‖LLp,σ =

m
∑

i=1

log

{

1 +
|ui|p
σp

}

≥ max
i

log

{

1 +
|ui|p
σp

}

= log

{

1 +
‖u‖p

∞

σp

}

.

Solving for ‖u‖∞ we have ‖u‖∞ ≤ σ(e‖u‖LLp,σ − 1)1/p, and since ‖u‖p
p ≤ m‖u‖p

∞ for all p > 0, we

have the desired result.

The LLp norms can be used to define robust regressors for statistical estimation. Let u ∈ R
t, v ∈ R

n

and A ∈ R
t×n, t > n, with the observation model u = Av + r. The regression problem is defined as

v̂ = arg min
v∈Rn

‖u−Av‖LLp,σ. (16)

The particular case when p = 2 is known as the Lorentzian norm. The Lorentzian norm has desirable

properties as a robust error metric in regression problems:

• It is an everywhere continuous function.

• It is convex near the origin (0 ≤ u ≤ σ), behaving as an L2 cost function for small variations.

• Large deviations are not heavily penalized as in the case of L1 or L2 norms leading to a more robust

error metric when the deviations contain gross errors.

Contour plots of select norms are shown in Fig. 3 for two dimensions. Fig. 3 (a) and (c) show the L2

and L1 norms respectively. Fig. 3 (b) and (d) show the LL2 (Lorenzian) and LL1 norms respectively, for

σ = 1. It can be seen form Fig. 3 (b) that for points within the unitary L2 ball the Lorentzian behaves

like an L2 norm. On the other hand, it gives the same penalization to large sparse deviations as to smaller

dense deviations. Fig. 3 (d) shows that for points in the unitary L1 ball, the LL1 norm behaves like an

L1 norm. However, although the LL1 norm is a robust metric, it is not everywhere differentiable like

the Lorentzian. In Section IV a robust reconstruction procedure is defined based on the Lorentzian norm

and its associated regressor.
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Fig. 3. Contour plot of different penalty metrics for two dimensions. (a) L2 metric. (b) LL2 metric (Lorentzian). (c) L1 metric.
(d) LL1 metric.

III. ROBUST SAMPLING FUNCTIONS

Of interest here is the design of an information operator Im : R
n → R

m that samples m pieces

of information of x in a fashion that: (a) allows faithful reconstruction and (b) is immune to outlier

corruption. Consider a signal x0 ∈ R
n that is sparse in some basis Ψ (for the sake of simplicity we set

Ψ = I) and the signal model

x = x0 +w,

where x is the noisy observed signal and w is white noise. Defining each sample as

yi = f(φi, x), (17)
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where φi are the sampling kernels (rows of the sensing matrix Φ), the information operator takes the

form

y = Im(x) = (f(φ1, x), f(φ2, x), . . . , f(φm, x)). (18)

Suppose An : R
m → R

n is a reconstruction strategy that recovers x0 from y. The goal is then to design

information operators such that traditional CS LS-based reconstruction strategies (using y) can achieve a

close reconstruction. In the presence of impulsive noise, the information operator, I(x), should have the

following desired properties:

P1. Im(x) should remove the influence of gross errors in order to preserve the basic information of x0.

P2. Im(x) → Φx0 asymptotically (w → 0), i.e., the measurements should be as similar as possible to

the linear measurements in the noiseless case.

P1 states the necessity of Im to sample true information of x0 and not information of the noise. P2

characterized the desired output of the sampling function so that y contains the essential information

of x0, as in the noiseless case, so that current CS theory and reconstruction methods can be effectively

applied to these samples. This property is a practical constraint, applied so as to allow use of traditional

CS reconstruction algorithms. If other reconstruction strategies are allowed, then linear sampling functions

are not necessarily the desired output.

From these two properties, it follows that the desired operator Im should behave like a robust estimator

of the correlation between the sampling kernel and the original signal.

A. Myriad Projections

Problems associated with linear sampling in the presence of outliers are noted above. Based on these

problems and the desired properties of a robust sampling operator, we propose the weighted myriad

estimator as a robust nonlinear operator f to sample the information of x. There are multiple reasons

to use the weighted myriad as a sampling operator, including its robustness to impulsive noise and

asymptotic linearity property, which guarantees the sampling capabilities in the noiseless case. These

properties allow us to tune the linearity parameter and use standard reconstruction algorithms, thereby

treating the reconstruction as a light-tailed noisy problem. We begin with the definition of the myriad

projections.

Definition 4 Let Φ ∈ R
m×n be a given measurement matrix and φij its ij-th entry. Then the myriad
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projections are defined as

fK(φi, x) = ai · myriad(K; |φij | ◦ sgn(φij)xj)|nj=1 (19)

for i = 1, . . . ,m, where ai =
∑n

j=1 |φij | is a scaling factor introduced to preserve the amplitude of the

measurement.

We now state the basic properties of myriad measurements and relate them to P1 and P2. A desirable

property in robust measurements is that outlier samples have minimal influence on the projections (P1).

The following property states the outlier rejection property of the myriad measurements.

Property 2 Let K <∞, then

lim
xn→±∞

fK(φi, x1, x2, . . . , xn) = fK(φi, x1, x2, . . . , xn−1). (20)

The following property states the asymptotic behavior of weighted myriad measurements and is based

on the linearity property of the weighted myriad estimator.

Property 3 In the limit as K → ∞, the weighted myriad measurement reduces to a linear projection

on to φi. This is

lim
K→∞

fK(φi, x) =

n
∑

j=1

φijxj. (21)

Thus in the limiting case, as K → ∞, myriad measurements meet property P2 and can be used as robust

sampling functions or robust correlation measures.

Note that the properties above follow from myriad operator properties [32]. Also, the weighted myriad

measurement converges to a selection type estimator as K → 0 [27] and, in the limiting case when

K = 0, the measurement becomes independent of the weight vector (rows of Φ), converging to the most

repeated value in the set. Thus, in this limiting case, the recovery process can not return the true signal

because of the loss of information.

B. Asymptotical analysis and parameter tuning

Since the myriad operator is the ML estimator of location for standard Cauchy samples, the myriad

location estimator is Gaussian distributed [30]. A remark is that this property is not automatically inherited

by weighted myriad filters for all signals models, but it provides a model for the myriad measurements.
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Letting η ∼ N (0, ν), we can model the myriad measurements as

fK(φi, x) =

n
∑

j=1

φijxj + ri, i = 1, . . . ,m, (22)

where ri → η in distribution, as n → ∞. The variance, ν, is the asymptotic variance, and depends on

the strength of the corrupting process. The following proposition gives the asymptotic variance of the

myriad estimator for the standard Cauchy case.

Proposition 2 Let X be a standard Cauchy random variable with location parameter θ and scale

parameter σ, then the asymptotic variance of the myriad estimator is given by ν = 2σ2.

Proof: The asymptotic variance for M-estimators is given by E(ψ2)/[E(ψ′)]2, where ψ is the

influence function of the estimator [29]. For the myriad estimator ψ(x) = 2x/(σ2 + x2), then taking the

expectation with respect to the standard Cauchy distribution gives

E[ψ2(X)] =
σ

π

∫ ∞

−∞

4x2

(σ2 + x2)3
dx =

1

2σ2

and

E[ψ′(X)] =
σ

π

∫ ∞

−∞

2σ2 − 2x2

(σ2 + x2)3
dx =

1

2σ2
,

leading to the desired result. See [30] for further details.

Notice that ν is finite and smaller than the variance of the original algebraic-tailed noise [31], since

the second moment is not defined for Cauchy random variables. This result allows us to use current

LS-based reconstruction algorithms, designed for linear projections, with myriad projection inputs.

The availability of the tuning parameter K provides myriad projections with a variety of modes of

operations that range from highly impulse resistant measurements to linear projections. However, there

exists a tradeoff between linearity and robustness of the sampling operator, which is controlled by K .

Large K values lead to good approximations to linear measurements, but yield results less resistant to

outliers. Small K values make the myriad measurement robust to impulsive noise, but the measurements

are highly nonlinear, leading to degradations in reconstruction.

Determining the optimal K (optimal in the sense that the measurements are as close as possible to the

noiseless linear case) from the corrupted signal is still an open question. In [27] is observed that setting

K as the sample range, x(1) − x(0) (where x(q) denotes the q-th quantile of x), often makes the myriad

a fair approximation to a linear combination. On the other hand, setting K as half the interquartile

range,(x(0.75) − x(0.25))/2, considers implicitly half the samples unreliable, giving resilience to gross

July 28, 2009 DRAFT



17

errors. Therefore choosing a value of K between the sample range and half the interquartile range yields

a value that is well behaved in both Gaussian and impulsive models. Experimental results show that a

linearity parameter set as

K =
x(0.875) − x(0.125)

2
, (23)

leads to good performance in both Gaussian and impulsive environments. Setting K in this range implicitly

assume a signal with 25% of samples corrupted by outliers and 75% well behaved. This is demonstrated

experimentally in Section V.

An observation of note is that when the signal is sparse in the canonical basis and sparse–like impulsive

noise is added directly, the signal and noise become undistinguishable, unless the noise has significantly

larger amplitude. Fortunately, noise is generally introduced in the observation domain, which is rarely

coincident with the sparsity inducing basis. Another observation to make is that myriad projections are

more expensive in terms of computational resources since an optimization problem must be solved for

each projection, whereas linear projections can be computed with lower cost or can even be observed

directly. Thus, myriad projections should be used to measure a signal when the sensing conditions are

not ideal, e.g., in noisy signal environment resulting from, for instance, overshoots in front end hardware

(ADC before the CS measurement), or when robust sensing procedures are needed. One final observation

is that if structured sampling matrices are utilized (e.g. sparse matrices that meet RIP [38]), the cost of

computing myriad projections can be significantly lowered.

IV. ROBUST RECONSTRUCTION ALGORITHMS

This section addresses the problem of signal reconstruction from corrupted measurements. Let x0 ∈ R
n

be an s-sparse signal and Φ ∈ R
m×n a measurement matrix. Consider the measurement model

y = Φx0 + z

where z is white additive noise. In this case the objective is to design robust reconstruction algorithms,

An : R
m → R

n, that yield approximate reconstructions of the original sparse signal from a small set

of measurements, assuming linear sampling operators, in the presence of (probably impulsive) sampling

noise.

The reconstruction strategies need to be robust and stable in the sense that small variations in the

noiseless samples should yield small variations in the reconstructed signal, even when a fraction of the

samples are corrupted by gross errors. Most of current reconstruction algorithms use the L2 norm as
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the metric for the residual error; but as detailed in Section II, the L2 norm is not an appropriate metric

when the samples are corrupted by outliers. Using this arguments, we propose to use a robust metric to

penalize the residual and address the impulsive sampling noise problem.

A. Lorentzian constrained L1 minimization

Using the strong theoretical guarantees of L1 minimization for sparse recovery of underdetermined

systems of equations (see [36], [39] for example), we propose the following non-linear constrained

optimization problem to estimate a sparse signal from the noisy measurements y:

min
x∈Rn

‖x‖1 subject to ‖y − Φx‖LL2,γ ≤ ε, (24)

where ‖u‖LL2 ,γ is the Lorentzian norm (LLp norm with p = 2). The L1 objective encourages sparsity in

the solution (as in other geometric approaches [9], [12], [13]) and the Lorentzian constraint controls the

residual error. Thus the intuition behind utilizing a Lorentzian norm defined feasible set is the construction

of a search space that is not severely affected by sparse large outliers, but which also behaves as an L2

ball for small Gaussian-like errors. Further justifying use of the Lorentzian norm is the existence of

logarithmic moments for algebraic-tailed distributions, as second moments are infinite or not defined for

such distributions and therefore not an appropriate measure of process strength [40].

The main result of this section is given by Theorem 1 below. Lets assume that all zi, i = 1, . . . ,m, are

i.i.d random variables with common distribution fZ(z) and Z ∼ fZ(z). The result shows that the solution

to (24) is a sparse signal with an L2 error that is dependent on the logarithmic moment E log{1+(Z/γ)2}.

Note that the dependence on the noise logarithmic moment, rather than its second order moment, makes

the formulation in (24) robust and stable to algebraic-tailed and impulsive corrupted samples, i.e. we

exploit the fact that E‖z‖LL2,γ <∞ while E‖z‖2 might not be.

Theorem 1 Let Φ be a sensing matrix such that δ2s <
√

2−1. Then for any signal x0 such that |T0| ≤ s,

where T0 = supp(x0), and observation noise z with ‖z‖LL2 ,γ ≤ ε, the solution to (24), x∗, obeys the

following bound

‖x∗ − x0‖2 ≤ Cs · 2γ ·
√

m(eε − 1), (25)

where the constant Cs depends only on δ2s.

Proof: Lets decompose x∗ as x∗ = x0 + h. We are going to divide the proof in two parts: first find

an upper bound for ‖Φh‖2 and second show that ‖h‖2 ≈ ‖Φh‖2 up to a constant.
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Define u, v as u = Φx∗ − y, and v = y − Φx0. Since x∗ is a feasible point and the error is assumed

to obey ‖z‖LL2 ,γ ≤ ε, it follows that ‖u‖LL2,γ ≤ ε and ‖v‖LL2 ,γ ≤ ε. Then

‖Φh‖2

(a)

≤ ‖u‖2 + ‖v‖2 (26)

(b)

≤ γ

√

m(e‖u‖LL2,γ − 1) + γ

√

m(e‖v‖LL2,γ − 1)

(c)

≤ 2γ
√

m(eε − 1),

where (a) follows from the triangle inequality, (b) from Lemma 1 with p = 2, and (c) from the Lorentzian

bounds on u and v.

It just remains to show that ‖h‖2 ≈ ‖Φh‖2. It was shown in [36], in the proof of theorem 1.2, that if

δ2s <
√

2 − 1 then

‖h‖2 ≤
√

2‖Φh‖2

√
1 + δ2s

(1 − δ2s −
√

2δ2s)
. (27)

Finally replacing (26) in to (27) we have

‖h‖2 ≤
√

2 + 2δ2s

(1 − δ2s −
√

2δ2s)
2γ

√

m(eε − 1).

which is the desired result. The condition δ2s <
√

2 − 1 is a necessary condition for the constant Cs to

be positive.

The constant Cs is given by Cs =
√

2 + 2δ2s(1 − δ2s −
√

2δ2s)
−1 and is rather small for reasonable

values of δ2s. One remark on (25) is that as ε → 0 the reconstruction error goes to zero and in the

noiseless case (ε = 0) the reconstruction is perfect. The
√
m factor in (25) represents the dependence of

the reconstruction error on the noise vector size (norm), since this one scales with m. This dependence

is implicit in the error bound of BP with L2 constraint, equation (8) in section II-A, since ε depends on

m (see [12]).

Notably, γ controls the robustness of the employed norm and ε the radius of the feasibility set LL2

ball. Details on the estimation of these parameters and an analysis in the standard Cauchy model are

given below.

B. Analysis under the Cauchy model

To facilitate the reconstruction quality analysis, we consider the ideal case when the sampling noise

is standard Cauchy distributed. Suppose an oracle estimator is available, which knows the support of the

original signal in advance. Define Ω as the support of the original signal and denote as xΩ ∈ R
s the
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restriction of x to Ω. Let z be a vector of i.i.d. Cauchy random variables with location parameter θ = 0

and dispersion parameter σ. Lets denote by Z a random variable with the same distribution as the noise.

The ML estimate of xΩ in this case is:

β̂ = arg min
β∈Rs

‖y − ΦΩβ‖LL2 ,σ. (28)

The estimate derived in (28) is a robust regressor that is optimal for the standard Cauchy model and

the generalized t-student distribution [30], [41]. Moreover, the approach has proven to be effective in

general impulsive environments, as well as light-tailed (Gaussian) environments [30].

It is known from robust statistics that asymptotic theory of M-estimators can be extended to robust

regressors [29]. Let ρ(x) denote the cost function of the estimator and ψ(x) = ρ′(x) its influence function.

In the case of ML estimates, ρ(x) = − log f(x), where f(x) is the probability density of the samples. It

can be proven that, asymptotically (as s/m→ 0):

E‖β̂ − xΩ‖2
2 =

E(ψ2)

[E(ψ′)]2
Tr{(ΦT

ΩΦΩ)−1}, (29)

if the matrix ΦΩ is of rank s; ρ(x) is continuous and nonmonotone; ψ(x) is continuous, bounded and

E(ψ(Z)) = 0 [29]. The term E(ψ2)/[E(ψ′)]2 is the asymptotic variance of the M-estimator. It can be

easily verified that the cost function and influence function for the standard Cauchy ML estimator meet

each condition mentioned above ( see for example Appendix C of [30]) and remember that for the

standard Cauchy case, the asymptotic variance of the myriad estimator is 2σ2. Notice that if Φ satisfies

the RIP of order s then ΦΩ will approximately behave as an orthonormal system (although not of rank

s) and, for the Cauchy case (29) can be lower-bounded by

E‖β̂ − xΩ‖2
2 '

2sσ2

1 + δs
(30)

where the inequality comes because the eigenvalues of (ΦT
ΩΦΩ) lie in the interval [1 − δs, 1 + δs].

This lower bound provides an asymptotical result of the best performance that can be achieved using

Lorentzian-based regressors under the standard Cauchy model.

With the Cauchy model as a reference we can derive estimates for the proper value of γ and ε

to maximize performance. Again assume that z is a vector of Cauchy random variables with location

parameter θ = 0 and scale parameter σ. We make use of the following result for standard Cauchy random

variables.
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Lemma 2 Let X be a standard Cauchy random variable with location parameter θ = 0 and scale

parameter σ, then:

E log{1 + γ−2X2} = 2 log

(

1 +
σ

γ

)

. (31)

Proof: Recall that
∫ ∞

−∞

log{a2 + p2x2}
1 + x2

dx = 2π log(a+ p), a, p > 0.

Then

E log{1 + γ−2X2} =
1

πσ

∫ ∞

−∞

log{1 + γ−2x2}
1 + σ−2x2

dx

= 2 log

(

1 +
σ

γ

)

.

Using Lemma 2 we can see that E‖z‖LL,γ = mE log{1+ γ−2z2
i } = 2m log(1+ γ−1σ). If we use this

expected value as an upper bound for the level of noise we can tolerate, then ε = 2m log(1+γ−1σ) and,

replacing this value in (25), the upper bound for the reconstruction error becomes

‖x∗ − xo‖2 ≤ Cs · 2γ · √m
[(

1 +
σ

γ

)2m

− 1

]
1

2

. (32)

From (32) it can be noticed that the reconstruction depends on the value of σ and γ. Here σ is the

scale parameter of the Cauchy distribution and it is a measure of the strength of the noise, thus as

σ → 0 the error decreases. On the other hand, γ is a scale parameter for the Lorentzian norm and it

controls the outlier resilience. A proper scale parameter is one that, makes the Lorentzian norm behave

as an L2 norm for errors smaller than the typical amplitude of the uncorrupted measurements; therefore,

we propose to use an estimate of scale of y0 (uncorrupted samples) and set γ as the Median Absolute

Deviation (MAD) of y. Thus γ is simply set as a robust estimate of scale, which makes the higher order

polynomial terms in (32) vanish in the case γ � σ, and the error approximate Cs · 2m
√
σγ. Thus the

ratio σ/γ can be interpreted as a noise to signal ratio (NSR), with the closer the value is to 0, the better

expected reconstruction. The noise scale parameter, σ, is assumed to be a priori information known by

the reconstruction algorithm.
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C. Debiasing

Once an approximate solution, x̂, is obtained using the minimization in (24), we perform a debiasing

step. This step consist of performing a regression on a subset of indexes of x̂ using the robust regressor

in (28). The subset is defined as I = {i : |x̂i| > α} for some threshold α > 0 . Let x̃I ∈ R
d be defined

as

x̃I = arg min
x∈Rd

‖y − ΦIx‖LL2,ξ (33)

where d = |I|. The final estimated signal after the regression, x̃, is defined as x̃I for those indexes in the

subset I and zero outside I . Experimental results show that setting α as λmaxi |x̂i|, where 0 < λ < 1,

yields good results in the reconstruction. In our experiments we use λ = 0.1. The parameter ξ in the

Lorentzian norm in (33) is a scale parameter for the noise distribution (not be confused with γ in (24)),

and is assumed to be a priori information of the sampling noise.

In summary, the problem in (24) selects the support of x, while the debiasing step chooses the optimal

values for these components, based on a minimum Lorentzian criterion. The reconstruction algorithm

composed of solving (24) and followed by the debiasing step is referred to as Lorentzian BP in the

remainder of the paper. It is worth to point out that debiasing is not always desirable, since shrinking the

selected coefficients can mitigate unusually large noise deviations [42]. Thus, in the presence of highly

impulsive noise, this desirable effect may be undone by debiasing.

V. EXPERIMENTAL RESULTS

This section illustrates the effectiveness of myriad measurements and Lorentzian BP as robust tech-

niques for CS by means of numerical experiments and their comparison with standard CS linear sampling

functions and de-noising algorithms. For all the experiments we create synthetic sparse signals, setting

the length of the signal to n = 1024 and the cardinality of the sparse support to s = 8. The nonzero

coefficients are drawn from a Rademacher distribution and their position randomly chosen so that the

average power of the signal is always fixed to 0.78. The number of random measurements is set to

m = 128 unless otherwise specified or varied. The signals are measured using measurement matrices Φ

that have i.i.d. entries drawn from a standard normal distribution with normalized columns. We average

200 repetitions of each experiment, with different realizations of the sparse supports, random measurement

matrices, and additive noise. The reconstruction Signal to Noise Ratio (R-SNR) is used to measure

performance. To test the robustness of the methods, we use two noise models: α-stable distributed noise

and Gaussian noise plus gross sparse errors. The α-stable model is very popular for modeling processes
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with infinite variance because of the generalized central limit theorem, which states that the limiting

distribution of a sum of i.i.d. random variables belongs to the α-stable class [27]. There are two α-stable

cases of particular interest: for α = 1 the distribution reduces to the standard Cauchy distribution, from

which the proposed methods are derived; and α = 2 yields the Gaussian distribution, from which LS

methods are derived. The Gaussian noise plus gross sparse errors model is represented as N = X + V ,

where X ∼ N (0, σ) and V is a discrete random variable with alphabet v = {0, δ,−δ} and probabilities

{1−p, p/2, p/2}, respectively. We refer to this model as contaminated p-Gaussian noise for the remainder

of the paper, as p represents the amount of gross error contamination. This model is used to represent

small perturbations with gross errors such as erasures of the desired signal [25], [26], which mimics

realistic scenarios in many signal processing applications.

A. Robust Sampling: Myriad Measurements

In the following we present experiments performed to validate the use of myriad projections as robust

compressive measurements for signal recovery in the presence of impulsive environments using standard

reconstruction algorithms. We use Basis Pursuit (BP) in the noiseless case, and Basis Pursuit Denoising

(BPD) [9], [12] and Orthogonal Matching Pursuit (OMP) [14] in the noisy case. As a priori information,it

is assumed that the noise tolerance is known for BPD (ε in equation (7) from section II) and that the

sparsity level is known for OMP. In the following a preceding M in the name of the reconstruction

algorithm (e.g. M-BPD), indicates that the reconstruction is performed using myriad projections. To

evaluate the performance, we first make examples to validate that myriad projections meet properties P1

and P2 in section III. Next addressed is the problem of tuning K from the input signals, and validation

of the proposed estimate. With an algorithmically set K , we proceed to evaluate the performance for

different noise models and for different numbers of samples.

We start with an example of a single impulse added to the original signal to show the outlier rejection

capability of myriad measurements (property P1 in section III). The amplitude of the impulse is set to

103 and the reconstruction is performed using OMP for both linear and myriad projections. The R-SNR

is −28.6 dB for the linear projections and 32.2 dB for myriad projections, using the K estimation method

proposed in Section III and subsequently analyzed, which in this case yields K = 1.25. The results are

depicted in Fig. 4.

Next we evaluate the validity of the hypothesis that myriad projections meet property P2 and compare

myriad measurements with linear measurements in the noiseless case for several values of the linearity

parameter K . The linearity parameter was varied over the range [10−5, 107] and the reconstruction
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Fig. 4. Outlier rejection example. (a) Original sparse signal. (b) Reconstructed signal from myriad projections, R-SNR=32.26dB.
(c) Reconstructed signal from linear projections, R-SNR=-28.6dB.
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Fig. 5. Comparison results between linear projections and myriad projections for the noiseless case, showing reconstruction
SNR as a function of the linearity parameter, K. OMP and BP are used as reconstruction algorithms. The preceding M indicates
that the reconstruction is performed using myriad projections.

SNR is used as comparison metric. Basis Pursuit (BP) and Orthogonal Matching Pursuit (OMP) are

used as reconstruction algorithms for both myriad and linear measurements. Results are summarized in

Fig. 5, which shows that myriad measurements yield fair signal reconstructions in the noiseless case

as K increases and, more importantly, it shows that in the limit as K → ∞ the performance of the

reconstruction algorithms operating on myriad measurements approach the same performance of those

supplied with linear measurements.

Having established the applicability of myriad measurements in even noiseless cases, we now address

the more demanding heavy-tailed environments. To explore the behavior of myriad measurements as
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Fig. 6. Reconstruction SNR as a function of the linearity parameter K for impulsive noise models. (a) Additive noise:
contaminated p-Gaussian with p varying from 0.001 to 0.1. (b) Additive noise: α-stable with α varying from 0.5 to 2.

a function of K , simulations using α-stable and contaminated p-Gaussian noise are performed. Three

values for p are used, 0.001, 0.01, 0.1, with σ2 = 10−2 and δ = 103 for the contaminated p-Gaussian

model; and four values of α are used in the α-stable case, 0.5, 1, 1.5, 2, with scale parameter σ = 0.1.

The results are summarized in Figs. 6 (a) and 6 (b), respectively. Consider the following observations.

As K → 0 the performance, in both cases, is degraded because the myriad filter tend to behave

as a selection type estimator and, although it is robust to outliers, the reconstruction algorithms fail

to render faithful reconstructions because of the non-linearities introduced into the projections. As K

increases, the measurements become more linear and performance increases until maximum performance

is achieved. From the maximum point, the performance decreases as the measurements behave like linear

measurements and exhibit diminishing robustness to outliers. In the case of contaminated p-Gaussian

noise, the results are relatively invariant to p. The point of maximum performance is achieved in the

same neighborhood of K for the three values of p, and similar R-SNR is achieved before that point.

Beyond that point the performance is maintained for an interval depending on the impulsiveness of the

contamination; p = 0.001 gives the longest interval and p = 0.1 the shortest. In the case of α-stable

noise, the optimal K is largely independent of α, with α = 2 representing the Gaussian special case in

which performance is independent of K beyond the fixed maximum point.

As illustrated in the above experiment, the performance of myriad measurements as a sampling operator

relies largely on the proper value of K . However, determining the optimal value of K , such that the
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Fig. 7. Myriad measurements performance comparison between optimal K and the proposed estimate for K. Normalized
average MSE between myriad projections and clean linear projections for standard Cauchy noise. The scale parameter is varied
from 10
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measurements are as close as possible (in the L2 sense) to the uncorrupted linear measurements, is still

an open question. We propose to set K as in (23). Setting K to this value implicitly assumes a signal

with 25% of samples corrupted by outliers and 75% well behaved. In the next experiment we make a

comparison between the performance of myriad projections equipped with the optimal K and the signal–

estimated K for standard Cauchy observation noise. The optimal K being found by exhaustive search. The

normalized squared L2 error between the uncorrupted linear measurements and myriad projections is used

as a metric for comparison (normalized with respect to the L2 norm of the uncorrupted measurements).

The scale parameter of the Cauchy noise is varied from 10−2 to 10, giving a geometric signal to noise

ratio1(G-SNR) range of 44.4 dB through −15.4 dB respectively, to study the effect of noise strength.

The results are shown in Fig. 7. The normalized L2 error for corrupted linear measurements is plotted

as a reference. It can be noticed that for large G-SNR, i.e. small contaminations with 25 dB G-SNR

and greater, the estimate of K achieves performance nearby relative to the optimum K . For G-SNR’s

below 25 dB, the myriad projection errors for estimated K becomes larger than the error achieved by

the optimal K , but still are an order of magnitude smaller than linear projections in the worst case.

With a method for tuning the linearity parameter K from the corrupted signal we proceed to evaluate

1The geometric SNR is defined as the ratio between the signal power and the noise geometric power, where the geometric
power is a measure of strength for algebraic-tailed random variables whose second moments are not defined. The geometric
power is defined as S0 = eE log |X|. See [40] for more details.
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Fig. 8. Comparison of linear projections with myriad projections for impulsive observation noise. (a) Contaminated p-Gaussian,
R-SNR as a function of the contamination parameter, p. (b) α-stable noise, R-SNR as a function of the tail parameter, α. OMP
and BPD are used as reconstruction algorithms in both cases. The preceding M indicates that the reconstruction is performed
using myriad projections.

the performance of myriad projections in very impulsive environments. The next experiment shows how

myriad projections compare to linear projections for two impulsive models: contaminated p-Gaussian and

α-stable. For the contaminated p-Gaussian the variance of the Gaussian component is set as σ2 = 10−2,

the amplitude of the gross errors as δ = 103, and p was varied from 10−3 to 0.5. In the α-stable case,

the scale parameter is set as σ = 0.1 and the tail parameter, α, is varied from 0.2 to 2. For BPD, the

noise bound is set as ε = mσ2 for both noise models. Results for contaminated p-Gaussian noise are

shown in in Fig. 8 (a) and results for α-stable noise are shown in Fig. 8 (b).

The results demonstrate that myriad projections-based reconstructions outperform linear projections-

based reconstructions in the presence of heavy-tailed observation noise. Notably, in the case of con-

taminated p-Gaussian, myriad projections results are stable for a wide range of contamination factors,

p, including contaminations of up to 10% of the signal’s samples, making myriad projections a suitable

sampling operator when samples are lost or erased. In the case of α-stable noise, both sampling operators

perform poorly for small values of α but beyond α = 0.6, myriad projections yield fair results with a

R-SNR greater than 15 dB for both reconstruction algorithms tested. Of note is that in the Gaussian case

(α = 2), myriad projections based reconstruction is comparable with that of linear measurements based

reconstruction.

As a practical experiment, we present an example utilizing a 256× 256 image corrupted with salt and
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pepper noise with density of 0.01, i.e., approximately 10% the pixels in the image are corrupted. We use a

Haar basis as a sparsity inducing basis and a randomly sampled Hadamard matrix as the sampling matrix.

The number of measurements, m, is set to 256 × 256/4 (25% of the number of pixels of the original

image). As reconstruction algorithm we use BPD, the particular algorithm used is that described in [43].

The results are presented in Fig. 9, where (a) and (b) show the original image and the corrupted image

respectively. Fig. 9 (c) shows the reconstructed image using linear projections as sampling functions and

Fig. 9 (d) shows the reconstructed image using myriad projections. The reconstruction SNR is 11 dB and

23 dB for linear projections and myriad projections, respectively. Myriad projections remove the influence

of the outliers (salt and pepper noise) in the input image, giving a gain of 12 dB in the reconstruction

process. This example shows the utility of myriad projections when no prior information about the signal

or corrupting noise is known.

As a final experiment for the noisy observation case, we evaluate the performance of myriad projections

as the number of measurements varies from 16 (twice the sparsity level) to 512 (half the dimension of

x), for a variety of impulsiveness levels. The results of linear projections based OMP are presented as a

benchmark in Fig. 10 (a). We start with the noiseless case and then add α-stable noise with four different

values of α, 2, 1.5, 1, 0.5, ranging from Gaussian noise to highly impulsive noise. The scale parameter

of the noise is set as σ = 0.1 and the reconstruction algorithm used is OMP for all cases. The results

are presented in Fig. 10 (b). In the noiseless case, myriad projections with a finite K cannot achieve

the performance of linear projections (300 dB as shown in Fig. 5) due to the nonlinearity distortion

introduced by the sampling process. However, in the Gaussian case myriad-based OMP achieves the

same performance as linear-based OMP, i.e. requiring the same number of projections, thus showing

that the performance is not affected by the nonlinearities in this case. The results also show that as the

impulsiveness level increases (α decreases), the performance decreases, as expected, with OMP needing

more samples to compensate for the introduced distortion. This is a fundamental tradeoff since linear

sampling based methods also need more samples to address lower SNR scenarios. A conclusion to

be drawn is that myriad projections offer robustness in heavy-tailed environments but offer the same

performance in terms of number of samples required for reconstruction as compared to linear projections

in light-tailed noisy cases.

B. Robust Reconstruction: Lorentzian BP

Next consider the case of corrupted measurements and performance evaluations of the Lorentzian BP

reconstruction algorithm. The first experiment presented is a simple example with measurements corrupted
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(a) (b)

(c) (d)

Fig. 9. Example of a 256 × 256 image corrupted with salt and pepper noise with density 0.01. (a) Original image. (b) Noisy
image. (c) Reconstructed image from linear projections using with BPD, R-SNR=11 dB. (d) Reconstructed image from myriad
projections using BPD, R-SNR=23 dB.

by a single outlier. Then, we address the problem of estimating a proper value for the scale parameter of

the Lorentzian norm, γ, from the corrupted measurements. With a proper γ, we test Lorentzian BP for

different impulsive environments, starting with standard Cauchy sampling noise, from which Lorentzian

BP is derived. As a final experiment, we test the performance of Lorentzian BP as a function of the number

of samples for different noise environments. Basis Pursuit Denoising (BPD) and Orthogonal Matching

Pursuit (OMP) were used as benchmarks. For both algorithms is assumed that the noise tolerance (ε) is

known and OMP uses this tolerance as stop criteria.

A sequential quadratic programming (SQP) method is used to numerically solve the problem in (24).

The method consists of three major steps at each iteration: Hessian approximation, solving a quadratic
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Fig. 10. Reconstruction SNR as a function of the number of measurements. (a) Linear projections based OMP with Gaussian
observation noise. (b) Myriad-based OMP in the noiseless case and α-stable observation noise with α varying from 2 to 0.5.

subproblem (QP), and performing a line search for the update. The approximation of the Hessian of the

Lagrangian function is made using the BFGS updating method to have local information. The Hessian

is then used to generate a quadratic subproblem, whose solution is used to form a search direction for a

line search procedure. The line search method used is backtracking algorithm with a merit function. For

further details see [44].

Consider first an example of measurements corrupted by a single outlier to show the outlier rejection

capabilities of Lorentzian BP. The sparse signals employed in the previous subsection are again utilized,

in this case with linear projections corrupted by a single 50 amplitude impulse. Also, BPD is presented for

comparison. Fig. 11 (a) shows the original signal and Figs. 11 (b) and (c) show the signals reconstructed

by Lorentzian BP and BPD, respectively. The reconstruction SNR is 115.1 dB for Lorentzian BP and

−8.4 dB for BPD. This result illustrates the utility of using a Lorentzian constraint, rather than the

commonly employed L2 constraint on the residual.

In the following experiments we explore the performance of Lorentzian BP as a function of γ, the

scale parameter of the Lorentzian norm. Since the Lorentzian metric is derived from Cauchy statistics,

the first experiment is performed using standard Cauchy sampling noise for different scale parameters,

σ ∈ {0.01, 0.1, 1, 10}, to evaluate the effect of the noise strength. The second experiment explores the

effect of noise impulsiveness; therefore the sampling noise model is α-stable with a fixed scale parameter

σ of 0.1 and α ∈ {0.5, 1, 1.5, 2}. γ is varied in the interval [0.1, 10] for both experiments (since the typical
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Fig. 11. Outlier rejection example. (a) Original sparse signal (b) Reconstructed signal using Lorentzian BP SNR=115.1 dB
(c) Reconstructed signal using OMP SNR=−8.4 dB.

peak amplitude of the uncorrupted measurements for the test signals is 7). Results are summarized in

Fig. 12 (a) for Cauchy sampling noise and Fig. 12 (b) for α-stable sampling noise. In both experiments

Lorentzian BP is used without debiasing to explore the effect of γ. The bound for the Lorentzian constraint

is set as ε = 2m log(1 + σ/γ), where σ is the noise scale parameter. As can be noticed in both cases,

the performance peak is in the interval [1.5, 2.5], and is relatively invariant on the noise strength and

noise impulsiveness. Moreover, the peak depends more on the projections scale than the noise scale or

impulsiveness, validating use of the MAD(y) as an estimate of γ. In the following we use this estimate

of γ for all experiments and set the constraint bound as ε = 2m log(1 + σ/γ), with σ being the scale

parameter of the sampling noise.

Lorentzian BP is derived from Cauchy statistics; therefore, we present an experiment evaluating the

properties of Lorentzian BP in this ideal case. First we show the validity of the error bound in Theorem 1

and the effect of the debiasing operation. In this case the scale parameter was varied from 10−3 to 1. The

results are presented in Fig. 13, showing the L2 reconstruction error before and after debiasing, along

with the theoretical upper bound from (25) and the theoretical lower bound for the oracle estimator given

in (33). The error after debiasing is smaller, as expected, although it has a dramatic increase for σ > 0.1,

when the L1 optimization does not recover accurately the support of x. An observation of note is that for

2 · 10−3 ≤ σ ≤ 10−1, the reconstruction error of Lorentzian BP is very close to that of the ideal oracle

estimator, showing the effectiveness of Lorentzian L1 minimization to recover the true signal support.

The next set of experiments explore the robustness of Lorentzian BP in different impulsive sampling

noises, comparing its performance with OMP and BPD. For OMP and BPD the noise bound is set as

ε = mσ2, where σ is the scale parameter of the corrupting distributions. Fig. 14 shows the reconstruction

SNR for standard Cauchy sampling noise, with σ varying from 10−3 to 10, resulting in a variation of
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Fig. 12. Reconstruction SNR as a function of γ. (a) Effect of the noise strength, standard Cauchy noise with variable scale
parameter σ. (b) Effect of the noise impulsiveness, α-stable noise with variable tail parameter α and fixed scale parameter
σ = 0.1.
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Fig. 13. L2 reconstruction error of Lorentzian BP, before and after debiasing for different Cauchy enviroments. The theoretical
upper bound is plotted for comparison.

the G-SNR from 28.9 dB to −11.1 dB. The proposed recovery method outperforms both BPD and OMP,

which is not surprising since it is optimal under Cauchy statistics. As perhaps a more realistic scenario,

we consider contaminated p-Gaussian as the model for the sampling noise, with σ2 = 10−2, resulting in

an SNR of 18.9 dB when p = 0. The amplitude of the outliers is set as δ = 103 and p is varied from

10−3 to 0.5. The results are shown in Fig. 15 (a), which demonstrates that Lorentzian BP significantly
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Fig. 14. Comparison of Lorentzian BP with BPD and OMP in different Cauchy environments. Reconstruction SNR as a
function of the scale parameter σ.
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Fig. 15. Comparison of Lorentzian BP with BPD and OMP for impulsive contaminated samples. (a) Contaminated p-Gaussian,
σ2

= 0.01. R-SNR as a function of the contamination parameter, p. (b) α-stable noise, σ = 0.1. R-SNR as a function of the
tail parameter, α.

outperforms BPD and OMP. Moreover, the Lorentzian BP results are stable over a range of contamination

factors p, up to 5% of the measurements making it a desirable method when measurements are lost or

erased.

The last experiment explores the behavior of Lorentzian BP in α-stable environments, a noise model

particulary instructive, since it contains algebraic-tailed distributions and the light-tailed Gaussian dis-

July 28, 2009 DRAFT



34

4 5 6 7 8 9
−5

0

5

10

15

20

25

30

35

40

45

R
ec

on
st

ru
ct

io
n 

S
N

R
, d

B

Number of samples, log
2
 scale

α=0.5

α=1

α=1.5

α=2

Fig. 16. Reconstruction SNR as a function of the number of measurements.

tribution as special cases. The scale parameter of the noise is set as σ = 0.1 for all cases and the tail

parameter, α, is varied from 0.2 to 2, i.e. very impulsive to the Gaussian case. The results are summarized

in Fig. 15 (b) which shows that all methods perform poorly for small values of α, with Lorentzian BP

yielding the most acceptable results. Beyond α = 0.8, Lorentzian BP produces faithful reconstructions

with a SNR greater than 20 dB, and often 30 dB greater than BPD and OMP results. Also of importance

is that when α = 2 (Gaussian case) the performance of Lorentzian BP is comparable with that of BPD

and OMP.

As a final experiment, we evaluate the performance of Lorentzian BP as the number of measurements

varies for different levels of impulsiveness. The number of measurements is varied from 16 (twice the

sparsity level) to 512 (half the dimension of x). The sampling noise model used is α-stable with four

values of α: 0.5, 1,1.5, 2. The results are summarized in Fig. 16, which show that, for α ∈ [1, 2],

Lorentzian BP yields fair reconstructions from 128 samples. However for α = 0.5 (most impulsive

case of the four), more samples are needed, 256, to yield a fair reconstruction. This result leads to the

conclusion that Lorentzian BP can handle heavily corrupted measurements at the expense of requiring

more samples, just as LS based methods need more samples for high variance cases.

VI. CONCLUDING REMARKS

This paper presents robust sampling and reconstruction methods for sparse signals in impulsive en-

vironments. Myriad projections are proposed as sampling operators to address problems with impulsive
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observation noise. Properties of the proposed sampling function are analyzed, and it is noted that

reconstruction performance depends on a linearity parameter, K , which can be adapted to the signal

and noise environment. Importantly, myriad projections can be used with standard Gaussian-derived

reconstruction algorithms. To address the problem of heavy-tailed sampling noise, Lorentzian basis pursuit

is proposed. A reconstruction bound is derived that depends on the noise strength and a tunable parameter

of the Lorentzian norm. Methods to estimate the adjustable parameters in the sampling functions and

reconstruction algorithms are proposed, although computation of their optimal values remains an open

question. Thus Myriad projections and Lorentzian BP offer a robust framework for CS in impulsive

heavy-tailed environments, with performance comparable to existing methods in less demanding light-

tailed environments.
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