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To conclude, we have to address two questions unanswered in this
correspondence. The first one is concerned with those practical cases
where a state-space model is available. In these situations, the strategy
of applying the standard estimators (EKF, UKF, etc.) directly on the
known state-space model is obviously preferable to the proposed
technique since the corresponding computational complexity is lower.
Second, it has not been an objective of this correspondence to propose
a definitive combination of an approximate KL expansion and a stan-
dard nonlinear estimation method that outperforms all other possible
combinations. This combination probably does not exist. Hence, for
each application, one has to pick the appropriate combination. This
problem is similar to that of the standard estimation techniques (EKF,
UKF, DD2, etc.) where there is not a “best” estimator either. In fact,
one has to choose the estimator that is found to best trade off various
properties, such as estimation accuracy, ease of implementation,
numerical robustness, and computational burden [13] (see also [11]).
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Abstract—This correspondence studies the second-order distributions of
heavy-tail distributed random variables (RVs). Two models for the heavy-
tailed distributions are considered: power law and -contaminated distri-
butions. Special cases of the models considered include 1) RVs formed by
the product of two independent, but not necessarily identically distributed,
heavy-tailed RVs and , such that = , and 2) RVs formed
through squaring a heavy-tail distributed RV , such that = . Tail
analysis of the RVs, their cross terms, and square values shows the ordering
of their tail heaviness. The following results hold strictly for power law dis-
tributions and, under mild conditions, for -contaminated distributions:
The tail of ( ) is heavier than that of ( ), and the tail of ( )
is heavier than that of ( ), where ( ) denotes the probability den-
sity distribution of the corresponding random variable. The heaviness of
the tails indicates that robust methods of sample combination and output
determination should be utilized to avoid undue influence of outliers and
degradation in performance. As examples, the denoising and frequency-se-
lective filtering problems under the derived cross and square statistics for
hyperbolic–tailed and -contaminated models are considered. Simulation
results indicate that the weighted myriad (WMY) filter outperforms the
weighted median (WM) filter, and the WM filter outperforms the weighted
sum [finite-impulse-response (FIR)] filter. The results may be exploited in
higher order applications of heavy-tailed distributions in networking, such
as data traffic modeling, and in nonlinear signal and image processing, such
as polynomial and Volterra filtering.

Index Terms—Cross distribution, heavy-tailed distributions, square dis-
tribution, tail analysis.

I. INTRODUCTION

Heavy-tailed distributions are of particular interest in many
networking and signal processing applications. The power law distri-
butions are widely used for approximating packet interarrival times [1],
as well as in other networking applications and the modeling of CPU
time consumed by an arbitrary process [2]. Heavy-tailed distributions
characterized by �-contaminated (Gaussian-mixture) distributions are
also of particular interest in many robust signal, image, and speech
processing applications [3], [4]. Higher order statistics are exploited
in numerous nonlinear filtering methods, including polynomial and
Volterra filtering [2], [3], which utilize the cross and squared terms,
as well as higher order statistics, to form the filter output. Similarly,
networking applications, including the incremental process of a
self-similar process [2], [5], often exploit higher order statistics.

This paper studies the distribution of higher order statistics formed
from random variables (RVs) with heavy-tail distributions following
two commonly utilized models: power law and �-contaminated dis-
tributions. The effects of the product and square operators on heavy-
tailed distributed RVs are determined. The results show that, under
given models, the cross- and square-term RVs are also heavy-tailed
distributed. Moreover, their tail orders are such that the tail of fZ(x)
is heavier than that of fX(x), and the tail of fW (x) is heavier than
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that of fZ(x), where fZ(x), fW (x), and fX(x) denote the distribu-
tion of a RV formed by the product of two independent, but not nec-
essarily identically distributed, heavy-tailed RVs X and Y , such that
Z = XY , the distribution of a RV formed through the squaring a
heavy-tail distributed RV X , such that W = X2, and the heavy-tail
distributed RV X , respectively. The denoising and frequency-selec-
tive filtering problems under the derived cross and square statistics for
power law and Gaussian-mixture models are considered. Simulation
results demonstrate that the weighted myriad (WMY) filter [4] outper-
forms the weighted median (WM) filter [6], and the WM filter outper-
forms the weighted sum [finite-impulse-response (FIR)] filter.

The remainder of this correspondence is organized as follows. Sec-
tion II discusses the distribution of the heavy-tailed random variables
under two models: their cross- and square-term distributions, and tail
analysis. The simulations and discussion evaluating the results are
given in Section III, and the conclusions are drawn in Section IV.

II. SECOND–ORDER HEAVY–TAILED DISTRIBUTIONS

AND TAIL ANALYSIS

Two important heavy-tailed distribution models that are of particular
interest in networking and signal processing applications are analyzed
in this section. The cumulative distribution, density and tail functions
of second-order terms including cross and square terms are derived.
The derivation of tail functions are followed by a tail-heaviness study.

A. Power Law Distributions

The relation between the long–range dependence and self–similarity
relation is shown and formulated in [2]. In a communication context,
self–similarity is closely related to power law distributions [2]. Hence,
the higher order distributions and tails of the higher order distributions
of power-law-distributed RV are analyzed.

A nonnegative RV X is said to be heavy-tailed if the tail function
(TF), F (x), of X is given by

FX(x) � Pr(X > x) = c
x0
x

�

(1)

for some x0 such that x > x0, tail index � > 0, and constant c > 0
[7]. Thus, regardless of the distribution for small values, a RV is power
law distributed if the asymptotic shape of its distribution is hyperbolic
[5], as follows:

lim
x!1

FX(x)

x��
= n (2)

where n > 0 is a positive constant. Since FX(x) = 1 � Pr(X <
x) = 1�FX(x), the cumulative distribution function (cdf) of a power-
law-distributed RV X can be found as F (x) = 1 � Kx��, where
K = cx�0 > 0 is a constant. The probability density function (pdf)
fX(x) of the RV X is then given by fX(x) = K�x

���1, where
K� = K�.
1) Second-Order of Power Law Distributions: In this section, the

cdf’s, TFs and pdf’s of RVs generated through product and square op-
erations performed on independent power-law-distributed RVs are an-
alyzed. Consider first a RV Z formed as the product of two nonneg-
ative independent RVs X and Y , i.e., Z = XY . It is taken that X
and Y are power law distributed, with cdf’s FX(x) = 1�Kx�� and
FY (x) = 1�Lx��, whereK andL are constants. The cdf of Z , over
the range of X , is given by

FZ(z) =
x2X

FY
z

x
fX(x)dx (3)

where X = [a; b] denotes the range of the RV X and Y . Replacing
FY (z=x) and fX(x) with their expressions, expanding the product,
using the linearity of the integration, and performing some manipula-
tions yields

FZ(z) = 1� LK�[ln (b)� ln (a)]z�� (4)

where Z 2 [a2; b2]. The TF is simply FZ(z) = 1 � FZ(z) and the
pdf of Z is obtained as

fZ(z) = L�K�[ln (b)� ln (a)]z���1 (5)

whereL� = L�. Taking the limit in (2) to test whether the distribution
is hyperbolic–tailed or not yields

lim
z!1

FZ(z)

z��
= LK�[ln (b)� ln (a)] (6)

where LK�[ln (b) � ln (a)] > 0 is a constant. Note that a heavy-
tailed distribution in [a2; b2] is heavy-tailed in [a2;1] [7]. Thus, the
product of two independent power-law-distributed RVs is also hyper-
bolic-tailed.

Consider now an RV W formed as the square (i.e., W = X2)
of a nonnegative power-law-distributed RV X , with pdf fX(x) =
K�x

���1. The cdf ofW is given by the evaluation of

FW (w) =
jxj<pw

fX(x)dx: (7)

Utilizing the fact thatX is a nonnegative RV defined over X = [a; b],
where a > 0, yields FW (w) = FX(

p
w). Evaluating this for the

power law pdf of X gives

FW (w) = 1�Kw��=2 (8)

whereK > 0 is a constant. The TF is simply FW (w) = 1�FW (w).
Finally, the pdf of W is given by

fW (w) =
K�

2
w��=2�1 (9)

andW 2 [a2; b2]. Applying a process similar to the previous case for
evaluating the limit in (2) yields

lim
w!1

FW (w)

w��=2
= K: (10)

Thus, a RVW = X2, formed as the square of a power-law-distributed
RV, is also hyperbolic–tailed.
2) Tail Analysis of Second-Order Power Law Distributions: Tails

of the distributions derived in Section II-A-1) are now analyzed, and
the tail heaviness order is determined.

Consider first the TFs of a power-law-distributed RV X and the
RV Z = XY generated as the product of two independent heavy-
tailed RVs. Consider the following to determine tail heaviness order:
limx!1 FZ(x)=FX(x). It is clear that if this limit is greater then
unity, then the pdf tail of Z = XY is heavier than the pdf tail of X ,
and vise versa if the limit is smaller than unity. Replacing FZ(x) and
FX(x) in the preceding limit equation yields

lim
x!1

FZ(x)

FX(x)
= L�[ln (b)� ln (a)] (11)
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Fig. 1. Second-order distributions of Pareto distribution: TFs of (solid
line), = (dashed line), and, = (dotted line). All location
parameters are = 1.

where L� = L�. For b=a > exp (1=L�), which is the case for
the power-law-distributed RVs, limx!1 FZ(x)=FX(x) > 1. Simi-
larly, it can be shown that limx!1 FZ(x)=F Y (x) > 1 for b=a >
exp (1=K�) . The tail of the pdf of Z = XY is therefore heavier than
those of the pdf’s of X and Y .

Consider now the TF of the RV generated by squaring a
power-law-distributed RV. As in the previous case, we examine
limx!1 FW (x)=FZ(x), where W = X2. Replacing FW (x) and
FZ(x) in the preceding yields

lim
x!1

FW (x)

FZ(x)
=1 (12)

since x�� decays faster then x��=2. Thus, we can conclude that the
tail-heaviness order is

FX (x) > FXY (x) > FX(x) (13)

where FX (x), FXY (x), and FX(x) denote the TF of the squared,
cross, and parent power-law-distributed RVs, respectively.
Example: Consider the Pareto distribution whose TF is defined as

FX(x) = (x=k)��. The variance �2 = 2 and k = 1 case, which
corresponds to � = 2:5370, is examined here. The cdf, TF, and pdf’s
of the Pareto-distributed RV are given by FX(x) = 1 � (1=x)2:5370,
FX(x) = (1=x)2:5370, and fX(x) = 2:5370x�3:5370, re-
spectively. The cdf, TF and pdf’s of the RV Z = XY , where
FX(x) = FY (x), are given by FZ(x) = 1 � 3:9120(1=x)2:5370,
FZ(x) = 3:9120(1=x)2:5370, and fZ(x) = 9:9247x�3:5370,
respectively. Similarly, the cdf, TF and pdf’s the RV W = X2

are FW (x) = 1 � (1=x)1:2685, FW (x) = (1=x)1:2685, and
fW (x) = 1:2685x�2:2685, respectively. The tail decay rate in this case
is ordered as �X > �Z > �W , where �(�) denote the tail decay rate of
f(�)(x). Thus, the tail-heaviness order is FW (x) > FZ(x) > FX(x).
Fig. 1 illustrates the TFs of the parent, cross, and square hyper-
bolic–tailed Pareto distributions.

Robust schemes should be developed to appropriately process the
second-order distributions of heavy-tailed RVs with hyperbolic tails
as indicated by the results. This indicates robust combination methods
should be utilized in, for instance, polynomial filters, which is the ap-
proach adopted in [8].

Note that the extension to symmetric pdf’s of the derivations detailed
here is straightforward.

B. Gaussian-Mixture Distributions

A second important model that is used for modeling heavy-tailed en-
vironments in signal processing applications [4] is the Gaussian-mix-
ture (�-contaminated) distributions. The Gaussian-mixture pdf takes
the form

fX(x) = (1� �)fn(x) + �fc(x) (14)

where fn(x) is the nominal Gaussian pdf with variance �2n, � is a small
positive constant determining the percentage of contamination, and
fc(x) is the contaminating pdf with a large relative variance �2c � �2n.
The TF of Gaussian-mixture-distributed RV can be shown to have ex-
ponential order tails with asymptotic similarity

FX(x) � (1� �)
�np
2�

x�1 exp � x2

2�2n

+�
�cp
2�

x�1 exp � x2

2�2c
: (15)

1) Second-Order of Gaussian-Mixture Distributions: Consider the
second-order distributions of Gaussian-mixture density functions. Let
fX(x) = (1��1)fn;1(x)+�1fc;1(x) and fY (x) = (1��2)fn;2(x)+
�2fc;2(x), where fX(x), fY (x), �1, and �2 denote the pdf’s of the
Gaussian-mixture-distributed RVs X , Y , and contamination parame-
ters, respectively. The pdf of Z = XY (not restricted to any pdf’s) is
given by

fZ(z) = (1� �1)(1� �2)
1

x=�1

1

x
fn;1

z

x
fn;2(x)dx

+ (1� �1)�2
1

x=�1

1

x
fn;1

z

x
fc;2(x)dx

+ �1(1� �2)
1

x=�1

1

x
fc;1

z

x
fn;1(x)dx

+ �1�2
1

x=�1

1

x
fc;1

z

x
fc;2(x)dx: (16)

Substituting fn;1(�), fc;1(�), fn;2(�), and fc;2(�) with zero-mean
Gaussian pdf’s with scale parameters �n;1, �c;1, �n;2, and �c;2,
respectively, yields

fZ(z) =
(1� �1)(1� �2)

��n;1�n;2
K0

jzj
�n;1�n;2

+
(1� �1)�2
��n;1�c;2

K0
jzj

�n;1�c;2

+
�1(1� �2)

��c;1�n;1
K0

jzj
�c;1�n;1

+
�1�2

��c;1�c;2
K0

jzj
�c;1�c;2

(17)

whereKn(�) denotes the modified Bessel function of the second kind
of order n.

The modified Bessel function of the second kind is not appropriate
for the tail analysis of the RV Z . It has been shown in [9] that the
K0(x) is asymptotically similar with 1=

p
x exp (�x), i.e., K0(x) �

1=
p
xe�x. Using this similarity in the computation ofFZ(x), applying
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integration by parts, and using asymptotic series expansion for erf(�)
function yields the TF of Z

FZ(z) � z�1=2

2
p
�

(1� �1)
p
�n;1�n;2(1� �2) exp � z

�n;1�n;2

+(1� �1)�2
p
�n;1�c;2 exp � z

�n;1�c;2

+�1(1� �2)
p
�c;1�n;2 exp � z

�c;1�n;2

+�1�2
p
�c;1�c;2 exp � z

�c;1�c;2
: (18)

Consider now a random variableW formed as the square (i.e.,W =
X2), of a Gaussian-mixture-distributed RVX with pdf defined in (14),
i.e., fX(x) = (1� �1)fn;1(x)+ �1fc;1(x). The pdf ofW = X2 (not
restricted to any pdf’s) is given by

fW (w) = (1� �1)
w�1=2

2
[fn;1(

p
w) + fn;1(�

p
w)]

+�1
w�1=2

2
[fc;1(

p
w) + fc;1(�

p
w)]: (19)

Replacing fn;1(�) and fc;1(�)with the zero-mean Gaussian pdf expres-
sions yields

fW (w) = (1� �1)
1

�n;1
p
2�w

exp � w

2�2n;1

+�1
1

�c;1
p
2�w

exp � w

2�2c;1
: (20)

Similarly to the FZ(x) case, the integration by parts and asymptotic
series expansion for the erf(�) applied to FW (w) gives

FW (w) � 2

�
w�1=2 (1� �1)�n;1 exp � w

2�2n;1

+�1�c;1 exp � w

2�2c;1
: (21)

2) Tail Analysis of Second-Order Gaussian-Mixture Distributions:
Tails of the distributions derived in Section II-B-1) are now analyzed
and the order of tail heaviness determined.

Consider first the TFs of a Gaussian-mixture distributed RV
X and the RV Z = XY generated as the product of two
independent Gaussian-mixture-distributed RVs. We evaluate
limx!1 FZ(x)=FX(x) to determine tail-heaviness order. Since, x�1

and exp (�x2) decay faster than x�1=2 and exp (�x), it is clear that

lim
x!1

FZ(x)

FX(x)
=1: (22)

It can be similarly shown that limx!1 FZ(x)=F Y (x) = 1. Hence,
the tail of cross Gaussian-mixture pdf is heavier than that of the pdf of
the parent Gaussian mixture.

Consider next limx!1 FW (x)=FZ(x). In FZ(x), note that
�c;1�c;2 � �n;1�n;2; �n;1�c;2; �c;1�n;2. Thus, the component that
determines the tail heaviness FZ(z) reduces to

FZ(z) � z�1=2

2
p
�
�1�2

p
�c;1�c;2 exp � z

�c;1�c;2
: (23)

Fig. 2. Second-order distributions of Gaussian-mixture distribution: TFs of
(solid line), = (dashed line), and = (dotted line). The

2 yielding ( ) ( ) and 2 yielding
( ) ( ) cases are shown.

Similar reduction can be applied to FW (w), yielding

FW (w) � �1
w�1=2

2
�c;1 exp � w

2�2c;1
: (24)

The limit in consideration is now formulated as

lim
x!1

FW (x)

FZ(x)
=

�2c;1
2�2�2

2

lim
x!1

exp �x(�c;2 � 2�c;1)

2�2c;1�c;2

=

0; if �c;2 > 2�c;1
1; if �c;2 < 2�c;1
1

�
�
2
; if �c;2 = 2�c;1

: (25)

Since �2 � 1, in most practical cases, it can be noted that
(�2)

�1 �=2 > 1. The tail of the square pdf is thus heavier
than that of the cross pdf if �c;2 � 2�c;1. Also, the tail of the cross
pdf is heavier than that of square pdf if �c;2 > 2�c;1. We can thus,
conclude the tail-heaviness order as

FX (x) > FXY (x) j� �2� > FX(x) (26)

which is similar to the hyperbolic–tailed distributed RV case.
Example: Fig. 2 gives the exact TFs of the parent, cross, and square

Gaussian-mixture RVs for �1 = �2 = 0:1, �n;1 = �n;2 = 1, �c;1 =
5, and �c;2 = 5, 15 cases. It can be noted that in the case �c;2 =
5 < 2�c;1, the tail of square pdf is heavier than that of cross pdf, as
expected. In the �c;2 = 15 > 2�c;1 case, however, the tail of the cross
pdf is heavier than that of the square pdf, again in agreement with the
derivations. In addition, the cross and square pdf’s have heavier tails
than that of the parent mixture pdf in both cases.

Hence, the cross-terms and square values of a Gaussian-mixture-dis-
tributed RV have heavy tails with the ordering in (26). Robust schemes
must be developed to appropriately process the second-order distribu-
tions of heavy-tailed RVs with Gaussian-mixture distribution.

III. SIMULATION RESULTS AND DISCUSSIONS

This section considers the filtering problem under the statistics that
are derived and studied in this paper. Consider first the filtering problem
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Fig. 3. Filtering under cross and square –stable distribution case. (a) From
top to bottom: Corrupted single–tone input signal, FIR, WM, and WMY filter
outputs for cross statistics. (b) From top to bottom: Corrupted single–tone input
signal, FIR, WM, and WMY filter outputs for square statistics.

under the higher orders of a hyperbolic–tailed distribution. The hyper-
bolic–tailed noise distribution considered here is �–stable distribution
[10], where the TF is given by FX(x) � �(�)sin(��=2)=�x�� [4].
A single-tone signal is taken as the input signal with normalized fre-
quency of 0.01 Hz. The case where the input signal is corrupted by
additive cross �–stable noise with �X = �Y = 1:4, where �X and
�Y denote the tail index of the parent �-stable distributions, is shown
in Fig. 3(a). In addition, the corrupted signal is passed through FIR,
WM [6], and WMY [4] filters with window sizes N = 11 for de-
noising purposes. The FIR filter output is based on the weighted sum
combination of observation samples, while the WM output is founded
on sample selection based on rank order. Rank-order-based selection
of the output sample is more robust than output methodologies based
on weighted sums. The WMY filter, with roots in the maximum-like-
lihood estimate of the �-stable (� = 1) models minimizing the sum
of logaritmic square deviations, are shown to be robust to very impul-
sive noise characteristics [4]. (More detail on the implementation and
characteristics of the filters can be found in [2], [4], and [6]). The FIR
filter weights are designed through MATLAB’s fir1 command. The
same filter weights are also used for WM and WMY filter formula-
tions. The FIR, WM, and WMY filter outputs are given in Fig. 3(a).
The FIR filter output is severely affected by the noise components as
the impulsive samples are clearly present in the FIR filter output. In
the WM and WMY filter cases, the noise does not significantly dete-
riorate the responses, especially in the WMY case. Next, consider the
filtering problem in the squared �-stable noise case. The single–tone
input signal corrupted with square �-stable noise is given in Fig. 3(b),
along with the FIR, WM, andWMY filter outputs. Once again, the FIR
filter output is severely damaged, while the WM and WMY filter out-
puts are robust to the square noise characteristics. Note that the output
signals, even for WM and WMY cases, are not as clean as in the cross
case, which is due to the heavier nature of the square pdf tail.

The filtering problem under the higher order distributions of con-
taminated Gaussian case is considered next. The parameters utilized
in the simulations are �1 = �2 = 0:1, �n;1 = �n;2 = 1, and
�c;1 = �c;2 = 10. The same single-tone input signal is considered.
The input signal corrupted by cross-contaminated Gaussian distribu-
tion noise is shown in Fig. 4(a), along with the FIR, WM, and WMY
filter outputs. The FIR filter output is again severely affected by the
noise. As in the hyperbolic-tailed noise case, the WMY outperforms
the WM, and the WM outperforms the FIR filter. The experiment is
also performed under the square-contaminated Gaussian case, and the
results are given in Fig. 4(b). As in the hyperbolic case, all the filter
performances are slightly worse than the cross-contaminated Gaussian
case, but as expected, the WMY filter is more robust to noise than the
WM filter, and the WM filter is more robust than the FIR filter.

The time-domain plot observations are consistent with the quantita-
tive L1 norm error measurements, which are tabulated in Tables I and

Fig. 4. Filtering under cross and square -contaminated distribution case.
(a) From top to bottom: Corrupted single–tone input signal, FIR, WM, and
WMY filter outputs for cross statistics. (b) From top to bottom: Corrupted
single–tone input signal, FIR, WM, and WMY filter outputs for square
statistics.

II for �-stable (where  is the scale parameter) and �-contaminated
Gaussian-mixture distribution cases. The tables also include results ob-
tained under varying statistics.

A large number of important problems in signal processing require
the design of bandpass and high–pass filters. Channel equalization,
beamformers, and predictors are example applications where flexible
frequency–selective processing is needed. Fig. 5(a) depicts a linearly
swept–cosine signal spanning instantaneous frequencies ranging from
0 to 400 Hz corrupted by additive cross �-stable noise, along with
the FIR, WM, and WMY filter outputs. Fig. 5(a) is truncated so
that the same scale is used in all plots. The FIR filter is designed
by MATLAB’s fir1 function with passband 0:075 � w � 0:125
(normalized frequency with Nyquist = 1). The same filter weights
are also used for the WM and WMY cases. The FIR filter output is
severely affected by the noise components. Ringing artifacts emerge
with each impulse fed into the filter. In the WM and WMY filter cases,
the noise does not significantly deteriorate the responses, especially
in the WMY case. Next, consider the frequency-selective filtering
problem in the squared �-stable noise case. The input chirp signal
corrupted with square �-stable noise is given in Fig. 5(b), along with
the FIR, WM, and WMY filter outputs. Once again, the FIR filter
output is severely damaged, while the WM and WMY filter outputs
are robust to the square noise characteristics. Note that the output
signals, even for WM and WMY cases, are not as clean as in the cross
case, which is due to the heavier nature of the square pdf tail.

The frequency-selective filtering problem under the higher order dis-
tributions of the contaminated Gaussian case is considered next. The
parameters utilized in the simulations are �1 = �2 = 0:1, �n;1 =
�n;2 = 1, and �c;1 = �c;2 = 10. The same input chirp signal is con-
sidered. The input signal corrupted by cross-contaminated Gaussian
distribution noise is shown in Fig. 6(a), along with the FIR, WM, and
WMY filter outputs. The FIR filter output is again severely affected
by the noise. As in the hyperbolic-tailed noise case, the WMY outper-
forms the WM, and the WM outperforms the FIR filter. The experi-
ment is also performed under square contaminated Gaussian case, and
the results are given in Fig. 6(b). All the filter performances are slightly
worse than the cross-contaminated Gaussian case, but as expected, the
WMY filter is more robust to noise than the WM filter, and the WM
filter is more robust than the FIR filter.

Note that linear FIR, WM, and WMY filters are statistically related
to the maximum- likelihood estimate under Gaussian, Laplacian, and
Cauchy statistics, respectively [3], [4], [6], [8]. In addition, the Cauchy
pdf exhibits tails heavier than that of the Laplacian pdf, and the Lapla-
cian pdf exhibits tails heavier than that of Gaussian pdf. The WMY
filter is thus more robust to impulsive noise characteristics than the
WM filter is, and the WM filter is more robust to impulsive noise char-
acteristics than the FIR filter is. The analysis, results, and simulations
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TABLE I
ENSEMBLE AVERAGE OF 100 MAES OF THE OUTPUT OF THE FIR, WM, AND WMY FILTERS

IN PRESENCE OF CROSS ( = 0 2 AND VARYING) AND SQUARE -STABLE NOISE

Fig. 5. Frequency-selective filtering under cross and square –stable
distribution case. (a) From top to bottom: Corrupted chirp input signal, FIR,
WM, and WMY filter outputs for cross statistics. (b) From top to bottom:
Corrupted chirp input signal, FIR, WM, and WMY filter outputs for square
statistics.

Fig. 6. Frequency-selective filtering under cross and square Gaussian-mixture
distribution case. (a) From top to bottom: Corrupted chirp input signal, FIR,
WM, and WMY filter outputs for cross statistics. (b) From top to bottom:
Corrupted chirp input signal, FIR, WM, and WMY filter outputs for square
statistics.

presented here demonstrate the need for robust combinations and fil-
tering methods for the processing of second-order statistics. In addi-
tion to the tangible examples presented here, such processing is critical
for the common additive noise case in polynomial and multiplicative
environments.

IV. CONCLUSION

Power law andGaussian-mixture heavy-tailedmodels that are of par-
ticular interest in networking and signal processing applications are
considered in this paper. The second-order distribution and density
functions of the focused models are derived along with the tail func-
tions of the obtained statistics. The tail-heaviness order of the obtained
statistics is determined for both models. The heaviness of the tails indi-
cate that robust methods of sample combination and output determina-
tion should be utilized to avoid undue influence of outliers and degra-
dation in performance. The denoising and frequency-selective filtering
problems under the computed statistics are considered and evaluated
with simulations for different filter types. It has been shown that the
WMY filter outperforms the WM filter, and the WM filter outperforms

TABLE II
ENSEMBLE AVERAGE OF 100 MAES OF THE OUTPUT OF THE FIR, WM,
AND WMY FILTERS IN PRESENCE OF CROSS ( = = 1,

= 10, AND VARYING) AND SQUARE -CONTAMINATED

GAUSSIAN-MIXTURE NOISE

the FIR filter under corruption by the cross and square statistics of the
considered models.
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