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Abstract—In this paper, we focus on a class of information
propagation problems where a group of nodes (destinations)
wants to gather a function of data that are stored by another
disjoint group of nodes (sources). We assume that the function
can be decomposed as a sum of functions of local variables. We
study an algorithm which computes the function along the routes
from sources to destinations iteratively, via gossiping among near
neighbors. More specifically, in our protocol each node updates
its own local value as a linear combination of its neighbors’
values, repeatedly. Given the underlying network connectivity
and the source-destination sets, we provide necessary and suffi-
cient conditions for the feasibility of non-negative update weights.
We further introduce topology based necessary conditions for
the feasibility and discuss about known infeasible scenarios. By
introducing the notion of source clusters, we also show that the
complexity of the design problem is not directly related to the
number of source nodes but the number of source clusters in the
network.
Index Terms—distributed computing, information flow, gossiping
protocols, network coding.

I. INTRODUCTION

A fundamental problem in networks is the transportation and
distribution of information from one part of the network to
another [1]–[4]. We focus on a special network computation
problem, where a group of destination nodes is interested in
a function that can be decomposed as a sum of functions
of local variables stored by another set of source nodes. We
refer to this problem as the Computing Along Routes (CAR)
problem. We assume that each source node stores a scalar
and the underlying connectivity limits the communications
among the nodes. We focus on the case where the set of
source nodes and the set of destination nodes are disjoint, and
hence our case does not include average consensus gossiping
[2] as a special case. This particular assumption has strong
practical appeal since, in the majority of the cases, the nodes
which are responsible for collecting the data and the nodes
that are designated to process these data are disjoint and
geographically separated.
In fact, the problem considered in this paper is closely related
to the data aggregation and routing problems studied in the
computer science literature, where spatially distributed data is
to be collected by a fusion center via utilizing data aggregation
and in-network processing techniques [5], [6]. Since, in most
of the applications, the interested phenomena can be casted as
a function of the individual observations (presence-absence of
a signal, location-velocity of an object), the results introduced
in this study also applies to the data aggregation and routing
problems. Our problem is also closely related to so called

network information flow problems where a number of infor-
mation sources are to be multicast to certain sets of destina-
tions [1], [3]. Given that source values are encoded to symbols
from a finite field, one aims to characterize admissible coding
regions in network information flow problems. While, in CAR,
we neither encode our values into symbols on a finite field (our
values are scalar) nor aim to characterize admissible regions
(we are rather interested in the feasibility), our problem is
still similar to network information flow problem in the sense
that they both study the problem of reconstructing functions
of source nodes’ data at the destinations by mixing packets
along the routes rather than point to point communication.
Moreover, if one considers the scenario where a given node’s
neighbors converge to linearly independent combinations of
the source nodes, it is clear that the node can reconstruct the
individual values of the sources given that it has sufficient
number of neighbors. This particular problem, which is also
an interest of network information flow, can be formulated
in terms of multiple CAR problems. Therefore, two problems
are interrelated and understanding one can lead to significant
intuition about the other one.
Observing the fact that the problem has two parts, i.e., compu-
tation of the function and routing of the information, we have
recently proposed a joint strategy where the computation of
the desired function is achieved along the routes via iterative
gossiping [7]. The innovative aspect of this procedure is
that it incorporates feedback, unlike similar problems that
consider a unidirectional flow of data. Gossiping protocols
are considered attractive in wireless sensor applications be-
cause the communications among nodes are limited to their
immediate neighbors, they are easily mapped into stationary
asynchronous policies while the network topology can be
dynamically switching. We note that gossiping protocols have
been studied extensively in the context of consensus, where
each node in the network is both a source and destination [2].
A setup resembling our work has also been considered by
Khan et.al. in the context of higher dimensional consensus and
sensor localization problems [8], [9]. In particular, they have
extended gossiping algorithms to the case where there exist
nodes in the network whose values are fixed through the iter-
ations. While formulation of these problems are very similar
to ours, we are particularly interested in the feasibility of the
CAR problem under gossiping protocols, and our assumptions
on the weight matrices are more relaxed. Therefore, our work
extends the results by Khan et.al. and reduce to [8], [9] under



certain conditions.
In [7], we have proposed sufficient conditions for the feasi-
bility of the solution (update weights at each node) under the
assumption that the update weights form a stochastic matrix.
In this paper, we provide necessary and sufficient conditions
for the feasibility of the solution under non-negative update
weights. We note that the constraint on the non-negativity
of the weights is looser than assuming that the weights
form a stochastic matrix. Therefore, our results are not only
stronger (both sufficiency and necessity), but also are more
general than in [7]. We also introduce topology based tools
to check feasibility, and discuss known infeasible scenarios.
By introducing the notion of source clusters, we show that
the complexity of the design problem is related to the number
of source clusters rather than the number of source nodes.
Therefore, we conclude that source nodes should be grouped
as dense as possible and illustrate our point with an example.
We focus on functions whose synopsis can be written as∑

i fi(xi(0)), where i is the node index and xi(0) is the
node i’s initial value. Without loss of generality, we can just
consider algorithms that compute the average of the sources
initial states, since any other function of this class can be
calculated by initializing the source nodes values with states
fi(xi(0)).
We would like to emphasize that although we are proposing
necessary and sufficient condition for the feasibility of the
solution, we do not provide a method to construct such update
weights for a given problem and connectivity.

II. PROBLEM FORMULATION

In this paper, we consider a network (N,E) with N nodes
and the corresponding edge set E which consists of ordered
node pairs (i, j). Given the edge (i, j), i is the tail and j is
the head of the edge. We define the neighbor set of node i as
Ni , {j ∈ {1, 2, . . . , N} : (j, i) ∈ E}.
We consider the following problem setup: Each node in the
network has an initial scalar measurement denoted by xi(0) ∈
R where i ∈ {1, . . . , N}. Let S , {1, 2, . . . , N}. There
is a set of nodes (destination nodes), denoted as SD ⊆ S ,
which are interested in the average of a set of nodes (source
nodes), denoted as SS ⊆ S . We note that SS

⋂
SD = ∅,

i.e., a source node cannot be a destination node. We restrict
our attention to the synchronous gossiping protocol where, at
each discrete time instant, each node updates its value as a
linear combination of its own value and its neighbors values.
Mathematically speaking:

xi(t+ 1) = wiixi(t) +
∑
j∈Ni

wijxj(t) ∀i ∈ {1, . . . , N} (1)

where t is the discrete time index, xi(t) is the node i’s value
at time t, and wij is the link weight corresponding to the
edge (j, i). This type of analysis is usually the first step to
investigate more flexible asynchronous solutions [10]. We note
that if j 6∈ Ni, then wij = 0. If we define an N×N matrix W
such that [W ]ij = wij and x(t) = [x1(t), x2(t), . . . , xN (t)]T ,

then (1) can be written in the matrix form as:

x(t+ 1) = Wx(t) = W t+1x(0).

The equation above implies that:

lim
t→∞

x(t) = lim
t→∞

W tx(0) = W∞x(0)

where W∞ , limt→∞W t (assuming that limt→∞W t exists).
One way to solve our problem is assigning zeros as initial
state values for non-source nodes, and running an average
consensus algorithm on the network. The consensus value
will be a rescaled version of the source nodes’ average, thus
the destination nodes have to multiply the consensus value
by a scaling factor to determine the desired function. For
this approach, any update matrix W that solves the average
consensus can be employed.
The approach which we pursue is to design a W that produces
the desired computation irrespective of what x(0) is. Since,
we are only interested in calculating the average of the nodes
values in SS at all j ∈ SD, we have the following inherent
structure in W∞:

W∞jk =
{
|SS |−1 k ∈ SS

0 k 6∈ SS
, ∀j ∈ SD. (2)

Let us denote the structure above, imposed by sets SD and
SS , as F (SD,SS) and the structure (sparsity, i.e., Wij = 0 if
(i, j) 6∈ E) imposed by the network connectivity as F (E). An
update matrix, W is said to be a solution to the flow problem
on a given network (N,E) and source-destination sets SD and
SS if and only if W ∈ F (E) and W∞ ∈ F (SD,SS).
In the rest of the paper, we limit ourselves in the set of
nonnegative matrices, i.e., W ≥ 0 and ≥ represents element-
wise inequality.
In the following section, we will introduce necessary and
sufficient conditions for a W matrix to be a solution for the
flow problem under the above assumptions.

III. NECESSARY AND SUFFICIENT CONSTRAINTS ON
FEASIBLE UPDATE WEIGHTS

In the following, we first give necessary conditions on feasible
W and W∞ in addition to the structure given in (2). We will
then use the resulting equations to introduce necessary and
sufficient feasibility conditions.
We first partition N sensors in the network into three disjoint
classes: M sensors that belong to the source nodes set, K
sensors that belong to the destination nodes set, and L sensors
that belong to neither source nodes nor destination nodes
(called intermediate nodes). In other words, |SS | = M ,
|SD| = K and L = N − M − K where |.| denotes the
cardinality of the set which is its argument. WLOG, we index
the set of source nodes as {1, . . . ,M}, the set of destination
nodes as {M+1, . . . ,M+K}, and the set intermediate nodes
as {M+K+1, . . . , N}. At this point, we can partition N×N
matrix W as:

W =

 A D G
B E H
C F P





such that A ∈ RM×M , E ∈ RK×K and P ∈ RL×L. Assuming
that limt→∞W t exists, we denote this limit as W∞ and its
partitions by superscript ′, i.e., A′, D′, G′, etc. Since the set
SD is only interested in the average of the set SS , then B′ =
1/|SS |11T and E′ = H ′ = 0. We note that 1 is the all ones
vector of the appropriate size. This inherent structure results
in the following necessary constraints on W and W ′:
Lemma 1. Given a network F (E) and the sets SS and SD,
if W ≥ 0 is a solution to the flow problem, then:

1) D′ = G′ = 0,
2) D = G = 0,
3) 1TA = 1T .

Proof: The proof of the lemma is given in Appendix A.

Lemma 1 shows that the information flow between the sources
and the rest of the network must be one-way, i.e., from the
sources to the network. Such an argument is not surprising
since the network is only interested in the average of the
source nodes, and the average will be biased if the sources bias
their state values by the non-source nodes, whose initial state
values are arbitrary. Lemma 1 also shows that row sums of the
matrix A are all equal to 1. Since the matrix A governs the
communication among the source nodes, the sum of the source
values must stay constant through the iterations. This result is
also intuitive since, otherwise, the average of the source nodes
would change and W would not be a solution for the problem.
Parallel to Lemma 1, we will focus on the codes which have
the structure:

W =

 A 0 0
B E H
C G P

 .
At this point, for mathematical brevity, we regroup W matrix
in four super-blocks recycling the previous symbols as follows:

W =
[
A 0
B D

]
where B =

[
B
C

]
, D =

[
E H
G P

]
.

(3)
Of note is that, the new B ∈ RN−M×M and D ∈
RN−M×N−M . Similarly, we can partition the state vector
x(t):

s(t) = [x1(t), . . . , xM (t)]T , r(t) =
[
xM+1(t), . . . , xT

N (t)
]T
.

We note that s(t) represents the evolution of the source states
while r(t) represents the behavior of the rest of the network
including destination nodes. We expand the general form of
the update in (1) using (3) as:

s(t+ 1) = As(t),
r(t+ 1) = Bs(t) +Dr(t).

The equations above can be rewritten in terms of the initial
conditions as:

s(t+ 1) = At+1s(0),

r(t+ 1) = Dt+1r(0) +
t∑

l=0

Dt−lBAls(0).

If we write the linear system of equations in a compact form:

x(t+ 1) =
[
s(t+ 1)
r(t+ 1)

]
= W t+1x(0)

=
[

At+1 0∑t
l=0D

t−lBAl Dt+1

] [
s(0)
r(0)

]
. (4)

At this point, we can state the main theorem of the paper
which introduces the necessary and sufficient conditions on
the feasible update matrices W ≥ 0:
Theorem 1. Given a network F (E) and the sets SS and SD,
a W ≥ 0 matrix of the form (3) is a solution to the CAR
problem if and only if:

1) W is in the form of:

W =
[
A 0
B D

]
, (5)

where A ∈ RM×M , D ∈ RN−M×N−M and |SS | = M ,
2) limt→∞W t exists and is finite,
3) limt→∞

[
Dt+1

]
1:K

= 0,

4) limt→∞

[∑t
l=0D

t−lBAl
]
1:K

= 1
M 11T ,

where [.]1:K denotes the first K rows of its argument, and
K = |SD|.

Proof: While sufficiency follows from (4) and the prob-
lem definition given in Section II, necessity conditions follow
from Lemma 1 and (4).
In the following, we show that one can simplify the fourth
constraint in Theorem 1 constraint by exchanging the powers
of A with its limit, i.e., the evolution of the source states does
not affect the feasibility.
Lemma 2. Assuming that conditions (1)− (3) in Theorem 1
hold, then condition (4) holds if and only if

lim
t→∞

[
t∑

l=0

Dt−lBA∞

]
1:K

=
1
M

11T , (6)

where A∞ = limt→∞At.
Proof: The proof is given in Appendix B.

Lemma 2 shows that if there exists a limiting matrix A∞

which satisfies the constraint, then any matrix A such that
limt→∞At = A∞, satisfies the second constraint in Theo-
rem 1. Therefore, given the underlying connectivity, one can
assume that the source set SS has already converged to its
limiting distribution defined by A∞, and then seek a solution
for partitions B and D. In the rest of the paper, we will
assume that the fourth condition in the Theorem is given
as (6), since they are equivalent. While the above conditions
are simpler than the conditions given in Theorem 1, they
are purely algebraic. The objective of the next section is to
interpret these results.

IV. INTERPRETING THE CONDITIONS

We would like to start our discussion by introducing the
definition of source clusters.
Definition 1. A set of source nodes forms a source cluster
if the sub-graph consists of only these source nodes is irre-
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Fig. 1. A network with a relay source cluster. S,I and D denote sources,
intermediate nodes and destinations respectively. Ellipsoids show source
clusters.

ducible, and including any other source nodes results in a
reducible sub-graph.
Therefore, if two source nodes are in the same source cluster,
then there exists a path between them via only the source
nodes. Given a network, the source clustering is not unique,
since one may remove the links between source nodes (by
assigning zero weight), and increase the number of source
clusters. To remove the ambiguity, we also introduce so called
minimal source clustering which is obtained by stripping the
network F (E) from all but the source nodes, and counting
the irreducible sub-graphs that remain. This is the case where
existing links between source nodes are assigned non-zero
weights and the total number of source clusters in the network
is minimized. Fig. 1 shows a network with 3 source nodes and
2 minimal source clusters. Since two of the source nodes form
an irreducible graph, they can form a single source cluster. The
third node is a source cluster by itself.
This discussion leads to the following observation:
Lemma 3. Consider the minimal source clustering given the
sets SS ,SD and the network F (E). If the problem has a
feasible solution , then there exist at least one path from every
source cluster to every destination which does not include
another source cluster.
The lemma follows from the fact that two source clusters can
not communicate with each other since, they have to rely on
a non-source node for the communication. But this is not
possible, since source nodes can not hear from non-source
nodes. We note that the problem given in Fig. 1 does not
have a solution since the path from the source cluster 1 to the
destination includes the source cluster 2.
In the following, we will focus on W ’s where the spectral
radius of partition D is strictly less than one, i.e., ρ(D) < 1.
In this case, limt→∞Dt = 0, and the third condition in the
corollary simplifies to:

lim
t→∞

t∑
l=0

(
[Dl]1:KBA∞

)
= lim

t→∞

(
t∑

l=0

[Dl]1:K

)
BA∞

= [(I −D)−1]1:KBA∞ =
1
M

11T .

(7)

We note that such matrices can be designed, for instance, by
choosing D among strictly sub-stochastic matrices.
Before introducing our next result, we would like to emphasize
the following: Although source clustering is not unique to a
network topology (can be changed by assigning zero weight

S1 S2

D1 D2

S1 S2

D1 D2

Network 1 Network 2

Fig. 2. Two networks corresponding to the same underlying connectivity but
two different update matrices, W1 and W2.

between sources), it is unique for a given W , since the
non-zero entries of W defines the underlying connectivity.
Therefore, for a given W , there is a unique way to cluster
source nodes. At this point, we make the following observation
about the rank of the limiting behavior of a an update matrix:
Lemma 4. Consider a network flow problem F (SS ,SD) and
a network F (E), and W with ρ(D) < 1. If W is a feasible
code, then the rank of W∞ is equal to the number of source
clusters in the network.
Lemma 4 shows that as the number of source clusters in-
creases, the degrees of freedom in W∞ (non-zero eigenvalues)
increases, which in return makes the design problem more
complicated. In other words, the main factor affecting the
complexity of the problem is the number of source clusters,
not the number of source nodes.
We note that (7) can be rewritten as R(I − D)−1BA∞ =
1/M11T , where R ∈ RK×N with diagonal elements equal
to one, and the rest are all equal to zero. Since the rank of
1/M11T is one, then the rank of the multiplication on the
left hand side of the equality has to be equal to one. If T
is m × n and Q is n × p, then rank(TQ) ≥ rank(T ) +
rank(Q)− n [11]. Utilizing this well known identity and the
rank discussion above, the following lemma is in order:
Lemma 5. Consider a CAR problem F (SS ,SD) and a net-
work F (E), and an update matrix W with ρ(D) < 1. If W
is a feasible solution, then the following must hold:

# of source clusters ≤ 1 +N −K − rank(B).

We note that K is the number of destination nodes and the
matrix partition B governs the communication between source
nodes and the rest of the network. Lemma 5 shows that if a W
is feasible, then the number of source clusters and the rank of
the partition B have to balance out each other, i.e., their sum
has to be less than or equal to 1 +N −K. Thus, one should
assign non-zero weights to the existing links between source
nodes when designing a W for a CAR problem, since this will
result in minimal source clustering and one will have more
flexibility on assigning weights to the partition B (choosing
rank of B).
In the following, we will illustrate our point with an example.
Fig. 2 shows two networks with 2 sources and 2 destinations.
We assume that the original connectivity of the networks are
the same and equal to the connectivity of the network one, and
the second network corresponds to a W which assigns zero
weight to the link between the source nodes. Let’s denote the



corresponding update structures as W1 and W2, respectively.
We note that the first network corresponds to the minimal
source clustering. By Lemma 5, the partition B1 of W1 has
to satisfy: rank(B1) ≤ 2. Since B1 matrix has only two
columns in this particular example, W1 satisfies the necessary
condition. If we focus on W2, then the condition becomes
rank(B2) ≤ 1. But, the rank of B2 can be set to one if and
only if one of the two links going from the sources to the
destinations is removed. This is not possible since one of the
sources will be unconnected from the destinations. Therefore
W2 can not satisfy the necessary condition and thus it is
infeasible.
We would like to emphasize that not choosing minimal source
clustering does not necessarily result in an infeasible solution
in general. However, one may still utilize extra degrees free-
dom in choosing B to simplify the design process.

V. CONCLUSION

In this paper, we studied the information flow problem, where
a set of destination nodes are interested in the average of
another set of source nodes. Utilizing gossiping protocols
for information exchange, we have provided necessary and
sufficient conditions for the feasibility of a non-negative net-
work code. Moreover, we have shown that the feasibility of
the problem only depends on the asymptotic behavior of the
source states and is independent of the evolution of them. We
interpret the conditions in detail and discuss that the source
nodes should be clustered whenever it is possible to make the
design process more efficient.

APPENDIX A

1) We first note that W∞ is an idempotent matrix. Thus,

W∞W∞ = W∞ ⇒ B′D′ = E′ = 0.

Since B′ = 1/|SS |11T > 0 and D′ ≥ 0, the above
equality holds if and only if D′ = 0. The proof to ”G′ =
0 claim” is straightforward and therefore omitted.

2) Since W∞W = W∞ and by the special structure
imposed on W∞ by the first part of the Lemma, then
1/|SS |11TD = 0. Therefore, D = 0. By the same way,
1/|SS |11TG = 0, thus G = 0.

3) By noting once again W∞W = W∞, 1/|SS |11TA =
1/|SS |11T . Therefore, 1TA = 1T .

APPENDIX B

We first prove that if limt→∞

[∑t
l=0D

t−lBAl
]
1:K

= 1
M 11T ,

then limt→∞

[∑t
l=0D

t−lBA∞
]
1:K

= 1
M 11T . Let’s denote

B′ = limt→∞
∑t

l=0D
t−lBAl, and B′ < ∞ exists by the

hypothesis. If we multiply both sides of the equality by A∞

B′A∞ =

(
lim

t→∞

t∑
l=0

Dt−lBAlA∞

)
= lim

t→∞

t∑
l=0

Dt−lBA∞,

where the first equality follows from the fact that A∞ is a fixed
matrix and B′ < ∞ (therefore one can take A∞ inside the

limit), and the second equality is due to the fact that AlA∞ =
A∞ ∀l ≥ 0. Since column sums of A are constant and equal
to 1 (by Lemma 1) and, A is a non-negative matrix, then
λ = 1 is an eigenvalue of A corresponding to eigenvector 1T .
Therefore, 1TA∞ = 1T . Keeping that in mind, [B′A∞]1:K =
1/|SS |11TA∞ = 1/|SS |11T = [B′]1:K . This concludes the
first part of the proof.
Now, we show that, if limt→∞

[∑t
l=0D

t−lBA∞
]
1:K

=
1
M 11T , then limt→∞

[∑t
l=0D

t−lBAl
]
1:K

= 1
M 11T . Let’s

denote B′ = limt→∞
∑t

l=0D
t−lBA∞, and B′ < ∞ exists

by the hypothesis. Then,

B′ =

(
lim

t→∞

t∑
l=0

Dt−lBAlA∞

)
=

(
lim

t→∞

t∑
l=0

Dt−lBAl

)
A∞,

where the first equality follows from the fact that AlA∞ =
A∞. To prove the second equality, we first note that
limt→∞

∑t
l=0D

t−lBAl exists (although its value may not
be finite) since, each term in the expression is non-negative.
Since A∞ does not have any zero rows, each term in(
limt→∞

∑t
l=0D

t−lBAl
)

matrix is present in B′ with a
strictly positive coefficient. Therefore, one may take A∞

outside of the limit. We also note that nonexistence of zero
rows in A∞ matrix can be shown by considering AA∞ =
A∞ equality. Let’s define L′ =

(
limt→∞

∑t
l=0D

t−lBAl
)

.
Since W∞W∞ = W∞, then L′A∞ + D′L′ = L′. Noting
that L′A∞ = B′ and the first K rows D′ matrix are
all zeros by the third condition of Theorem 1, the first K
rows of L′ is equal to the first K rows of B′. Therefore,
limt→∞

[∑t
l=0D

t−lBAl
]
1:K

= 1
M 11T . This concludes the

proof.
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